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Introduction. 

0.1. The aim of this work is to give a review of recent results in the representation 
theory of the Lie algebra gl(X) and their applications to the new combinatorial 
identities (sec 0.11). 

The gl (A) is an infinite-dimensional Lie algebra, dependent on the parameter 
A G C, which is a continuous version of the Lie algebra gloo. It was introduced by 
B.L. Feigin in [1] for calculating the homology ring of the Lie algebra of differential 
operators on a line and has several equivalent definitions. Here we shall consider 
three of them. 

0.2. First, it is the Lie algebra constructed from the associative algebra of twisted 
differential operators (see [7]) on CP 1 . The differential operator of order < k on 
the line bundle C is a global object which locally acts on the holomorphic sections 
of this bundle and [. . . [[D, fi], fa] . . . fk+i] = for any k + 1 holomorphic functions 
(these functions are considered as zero-order operators fi : T(C) — » Any 
line bundle on CP 1 is 0(n) for a certain n € Z, and we obtain for each n € Z an 
associative algebra of twisted differential operators (for n — they are ordinary 
differential operators). In fact, such an algebra of twisted differential operators 
exists for any n = A G C (irrespective of the fact that the corresponding line bundle 
does not exist for a nonintegral A). 

Recall the construction of this algebra (see [6, 7] for details). We denote by 
Don) a sheaf of (ordinary) differential operators on the total space of the bundle 
0(1) on CP 1 , and let E be a Euler vector field on fibers of this bundle. We denote 
by De the subsheaf in -Do(i) consisting of operators commuting with E, and then 
{VE — XD | V G D E } is a two-sided ideal in D^, and we denote by Dif> the 
(associative) quotient algebra of De over this ideal. Then for A G Z Dif\ coincides 
with the algebra of differential operators on the bundle 0(A). We can give the 
following heuristic explanation for this fact. Dif\ are differential operators which 
must act on the sections of the "degree of homogeneity A" (A G C). Using two 
holomorphic sections 71 and 72 of the bundle 0(1), we can construct two functions 
71 and 72, linear along the fibers, on which E acts with the eigenvalue 1. ^From the 
sheaf 7i > -0o(i)+72 '0O(i) we must take all sections of the degree of homogenetuty A, 
and Dif\ is what acts on these sections. The subalgebra D consists of differential 
operators which preserve the proper decomposition of the operator E, and the 
factorization with respect to the ideal {VE — XD \ V G De} is the isolation of the 
component corresponding to the eigenvalue A. 
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^From this point of view gl (A) = Lie (Dif\). 

0.3. We have the representation p\ : U(sl 2 ) — ► DifxiCP 1 ) for all A e C (see 
[6, 7]). In order to construct it, we represent 0(1) as SL2(C)xC, where C is the 

B 

corresponding 1-dimensional representation of the Borel subgroup B C SL2. Then 
SL 2 (C) acts on the total space of the bundle 0(1), and the Lie algebra sl 2 (C) is 
mapped into the vector fields on 0(1). This is a Lie algebra homomorphism, and 
therefore, the map p\ : U(sl 2 ) — > Dif \ is well-defined. The Bcilinson-Bernstein 
theorem [6] states in this simplest case that p\ is surjective and that the kernel 
of p\ is a two-sided ideal in U(sl 2 ) generated by A — A ( A + 2 ) , where A = e ■ / + 
/ • e + € U(sl 2 ) is the Casimir operator [4]. On the Verma s^-module with 
the highest weight A the operator A acts by the multiplication by A ( A + 2 ) _ Thus 
gl(\)= Lie (U{sh) 

0.4- The name of the Lie algebra gl(X) itself implies a connection with the Lie 
algebra gl n . We shall now give its last definition from which it is clear, in particular, 
in what sence gl(X) is a Lie algebra of matrices of complex dimension. 

Let us consider an n-dimcnsional irreducible s^-modulc V. There are a surjec- 
tion U{sl2) — > gliy) and a principal sZ 2 -subalgebra sl 2 C U(sl 2 ) — > gl(V) in gl(V). 
Being a s^-module, gl(V) = g/ n = ©"Jo 7Tj, where 7r^ is an irreducible (2i + 1)- 
dimcnsional s?2-module. Being a Lie algebra, gl n is generated by 7To, tti, and 772, 
and for a sufficiently large n relations of a fixed degree, depend on n analytically 
(these relations were described in [1]). This makes it possible to consider n to be 
a complex number A by substituting A for n in all relations, and in this way define 
the structure of the Lie algebra on ffi°^ 7Tj dependent on A e C. It is easy to show 
(see [1] and 1.1 in Ch. 2) that this definition is equivalent to the preceding ones. 

0.5. The Lie algebra gl{\) is Z-graded, i.e., gl(X) 1 = {£ g gl(X) | [h,£\ = 2i£}, 
where h g sl 2 C gl (A), and there exists the Cartan decomposition (see [14]) gl(X) = 
n_ © f) © n+, where n_ = © i <ofi'/(A) i , f) = ffZ(A) , n + = ©i>o5i(A)*. This Cartan 
decomposition is consistent with the decomposition of (see 0.4). However, an 
essential difference from the classical Lie algebra is that n± cannont be decomposed 
into a direct sum of one-dimensional /i-invariant subspaces. For instance, nV 1} is 
entirely f)-invariant (it cannont be decomposed even into a direct sum of two proper 
subspaces) and is a space of simple positive root vectors. From this point of view 
gl(X) is a Lie algebra with a continual system of roots. 

This can be illustrated by a simple example. A parabolic subalgebra in gl(X) 
corresponding to the roots a\, . . . , g C is the subalgebra p Q1 ... iQfc generated by 
n+, f),andnL _1) = {P(h)f \ P{h) = (h-ai) ■ ■ ■ (h-a k )Pi(h), Pi g C[h]}. (Here we 
use the second definition of gl(X) as Lie (u(sl 2 ) j (A- A(A + 2) ^ , see 0.3.) For A g Z, 

there exists a surjection gl(X) — > gl\+\ (see 0.4) and under this surjection almost all 
these parabolic subalgebras pass into one (independent of . , a/. ) parabolic 
subalgebra in gl n+ \. In the classical case, parabolic subalgebras correspond to 
subsets of simple positive roots. 

0.6. The subject of our study is representations with the highest weight (see [8, 
14, 4]) of the Lie algebra gl(X) all of whose levels (relative to the Z-grading, see 
0.5) are finite-dimensional. Thus, we study the representations V of the Lie algebra 
gl(X) which satisfy the following conditions: 
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(1) there exists a vector v £ V such that 

n + v = 0, and hv — x(h)v for all h £ t) 

(2) V = U(gl(X))-v 

(3) all levels of V are finite-dimensional. 

Clearly, this representation exists not for all x £ !)'• For the general x> the 
corresponding Vcrma module is irreducible (and has infinite-dimensional levels) . In 
fact, any representation of this kind with the fc-dimensional first level is a quotient of 
the representation induced with a certain character from p Qli ... , Q2 (see 1.3 in Ch. 2). 
The space of characters is fc-dimensional and we obtain a (2fc)-parametric family of 
representations. For the general parameters, these representations are irreducible, 
and our first objective is to find the parameters for which these representations are 
reducible. 

In this review, we only consider a 2-parameter family of representations with 
1-dimensional first level. 

0. 7. We follow the method of Kac and Radul [2] who studied the representations 
of a Lie algebra close to gl(X), namely that of the differential operators on a circle. 

The inclusion ip s : gl(X) gloo.s, where gloo,s is a Lie algebra analytically 
depending on s £ C and isomorphic for the general s to the Lie algebra gloo of 
generalized Jacobian matrices, is defined for any s £ C (sec 2.1 of Ch. 2). It 
turns out that Lp s can be extended to the mapping iff : gl°(X) — ► gloo, s , which is 
surjective. Here the Lie algebra gl°(X) is a certain completion of gl (A), and the 
g/(A)-invariant subspace of any g/oo^-module is also 5 r /°(A)-invariant (and hence 
g/oo^-invariant) . 

This reduces the problem of the irreducibility of gl(A)-modules to the corre- 
sponding problem of the irreducibility of gl x s -modules, and the latter problem 

can easily be reduced to the problem for gl^. (We easily pass to central extension 
since H 2 (gl(X),C) = 0). 

0.8. In Ch. 1, we consider a "model" situation, namely, the representation Ind^ 
of the Lie algebra gl^ induced from the largest parabolic subalgcbra. This repre- 
sentation has a zero highest weight and a central charge fi £ C. For the modules 
Ind^, we find all singular vectors and describe the Jantzen filtration (see [13]) in 
terms of irreducible glQ © gl& -modules. (Here glsz. and gl^ are the "upper" and 

"lower" subalgebras in gl x , see Fig. 1 in Ch. 1.) We also find the determinant of 
Shapovalov's form (see [15]) on all levels as a function of \i. As an obvious con- 
sequence, we obtain formulas for the character of the irreducible first consecutive 
quotient module of the Jantzen filtration. For example, in the case of yU = 1 we get 
the classical Euler identity (see [10]) 

1 q k2 

rww) = 1+ §(!-9) 2 - ••• -(i-^) 25 

in the case of fj, £ Z>i, we get the "higher" Euler identities and, in the case of 
fi £ Z<_i, we get expressions for the characters of the corresponding irreducible 
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representations. Thus, for /i = — 1, we find that the character of the irreducible 
g/^-module with zero highest weight and the central charge —1 is 



We prove that the consecutive quotient modules of the Jantzen filtration of 
the representation Ind^ are simple and that the terms of the Jantzen filtration 
exhaust all submodules of Ind^; in particular, we obtain explicit expression for the 
characters of the highest irreducible consecutive quotient modules of the Jantzen 
filtration. 

Considering the Lie algebra gli n instead of gl x , we get the "finite forms" of all 
the identities and formulas. 

Another expression for the determinant of Shapovalov's form of the representa- 
tion Ind^ was obtained by Jantzen (see [13]). 

0.9. There exist gl^ s - modules Ind^. s similar to the g^-modulcs Ind^. Con- 
sidering the inverse images 0*(/nd MiS ) of the gl x s -modules Ind^^ under the em- 
bedding 9 S : gl(X) glrx, s , we obtain a 2-paramcter family of representations of 
the Lie algebra gl(X) with a 1-dimcnsional first level. As was noted in 0.7, we can 
solve the problem of irreducibility for these representations. It turns out, however, 
that in this way we can get representations induces from all parabolic subalgebras 
of the corresponding dimension, except for two (for the general A). The determi- 
nant of Shapovalov's form of the representation 9*(Ind^^ s ) is a product, and when 
a parabolic subalgebra approaches the exceptional one, some factors have a simple 
zero or pole. It follows from the irreducibility theorem (for the general A) of the 
representation of gl(X) induced from two exceptional parabolic subalgebras as that 
the order of the zero is equal to the order of the pole. Equating the corresponding 
numbers on all levels, we get a local identity (see 0.11). 

Next, in order to prove the irreducibility theorem of the representations of gl(X) 
induced from exceptional subalgebras (for the general A), we consider the embed- 
ding 6 S : gl(X) gl^ s (C[t]/t 2 ); the highest weight of the representation induced 
from an exceptional paraaboloic subalgebra is equal to the highest weight of the 
inverse image, under 6 S , of a certain induced representation I of gl x s (C[t]/t 2 ), 

and since the completions 8f : gl(X) gl^ s (C[t]/t 2 ) are surjective, it follows, by 
analogy with Subsec 0.7, that this reduces the problem to the calculation of the 
charaacter of the irreducible quotient of the module /. This is the subject of Ch. 2. 

0.10. In Ch. 3, we consider the Lie algebras gl(X), X G C, as those corresponding 
to the finite points of the Ricmannian sphere S 2 . In this case, in the neighborhood 
of the point {oo} e S 2 , the Lie algebra gl(X) is deformed into the Lie algebra of 
regular functions on a nondegenerate symplectic leaf of a standard foliation in sl% 
with an induced Poisson bracket (Lie algebras of functions for all nondegenerate 
leaves are isomorphic). Thus, we assume that the point {oo} G S 2 is associated 
with a Lie algebra and the whole family of Lie algebras on S 2 is decomposed into 
an infinite direct sum of line bundles on S 2 . 

By choosing, at every point, an induced representation of the corresponding Lie 
algebra, which depends holomorphically on the point, we can obtain a situation 
in which an arbitrary induced representation of the Lie algebra of functions on a 
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hyperboloid sits at the point {oo}. Then the determinant of Shapovalov's form 
of some level is a holomorphic section of a certain line bundle on S 2 , its Chern 
class can be easily found. On the other hand, this Chern class is equal to the 
sum of zeros with multiplicities of the determinant of Shapovalov's form over all 
points of the sphere (on this level) . We prove the irreducibility theorem of induced 
representations of the Lie algebra of functions on a hyperboloid for the generic 
values of the parameters, and then the sum is extended only to the finite points 
of the sphere at which we can calculate these multiplicities by the methods given 
in Chs. 1 and 2. Combining these calculations for all levels, we obtain the global 
identity (see Subsec 0.11). 

In fact, we prove the irreducibility of induced representations (for the general 
parameters) of the Lie algebra of functions on a cone, that is, on a degenerate leaf 
of a foliation in sl% , and this implies an assertion for nondegenerate leaves (the Lie 
algebras of functions on all nondegenerate leaves are isomorphic). The Lie algebra 
of functions on a cone is nilpotent up to with subalgebra sh, i.e., the functions that 
have the point S C 3 a zero of a certain degree form an ideal at it, and we apply 
Kirillov's theory [5] according to which representations of nilpotent Lie algebras 
induced from the largest subalgebras are irreducible. 



0.11. The local identity: 

n 



d_ 

da 



. (1 q *y 



2 



2^ 

over all 
Young diagrams 
T>i i,_ 



The global identity: 



d r i i i 

fa L(l-g) ' (1 -aq 2 )(l -a?q 2 ) ' (1 - aV)(l - a 3 q 3 )(l - o 4 ? 3 ) ' " ' 

11 (1 -a 



a=l 



da 



1 (1 - a ■ 



a=l 



1 



d r i 

2 ,5, ~da (1 _ q i)i II (1 - q i)k+ (1 _ a qr»)«-*4 



k + >l 



over all Young 
diagrams T> llt ,., iifc 



LI (1 _ q t\t 
=1 y H ' i=k++l 

i of th 
tral" diagonal Ai,..., 



a=l 



EJthe length of the "cen-1 y^U-i 2 I (t> \\ 2 
Ural" Hiap-nual T>, ( q ' ' \XWh,...,l k )) 

^11 Vn nniv ^ 



Here "Di lt ... ,i k is the Young diagram consisting of blocks lx( 1 ,2x( 2l ... ,kxl k ; 
the "central" diagonal is the diagonal beginning at its upper left vertex (see Fig. 1), 
W^h,... ,l k i s the number of squares in T>i lt _ _i k . 

xC^h,... ,lk) IS ^ ne corresponding "scmiinfinite" character defined as follows: con- 
sider the Lie algebra gl^ of the matrices (a^ ), i,j = l,... , oo and let a\ , a^, ■ ■ ■ be 
its simple coroots. Then x(Ph,— ,h) ^ s ^ ne character of the irreducible g^=c-modulc 
with the highest weight \ suc h that x( a i) = h, ■ ■ ■ , x( a k) = 'fci X.( a k+i) = • • • = 0. 
For example, if V is a single block 1 x k or k x 1, then x(£>) = rn^r, (i-q k ) ■ ^ n 
general, xC^h,... ,h) can be easily found from Weyl's formula [4]. 
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Fig. 1. The Young diagram 2^,...^ and its "central" diagonal 

The left-hand sides of these identities appear in combinatorial identities con- 
nected with plane partitionings (see [10]]). 

0.12. This work is based on numerous talks I had with B. L. Fcigin; without 
them, it could not come into existence. I express my deepest gratitude to him. 

I am also grateful to V. A. Ginzburg for a discussion of Jantzen's filtration, and 
to S. M. Arkhipov for his interest in my work. 

I express my gratitude to ISF for partial financial support through the grant 
N9R000. 

Chapter 1. 
Representations of the 
Lie Algebras gl 2n and gl x 
Induced from the Largest Parabolic Subalgebra 

1. Reducibility and Singular Vectors. 

1.0. There are two commuting subalgebras gl n in the Lie algebra ghn, namely, 
the "upper" subalgebra and the "lower" one (see Fig. 1). We denote them by gl^ 
and gl n . There are also two Abelian subalgebras 21+ and 2t_. 



Fig. 1. 

Let 

a -ri+ii ■ ■ ■ > i a i > • • ■ ' a n-i be simple coroots. We shall consider the 

character x M : f) — ► C (gl 2n = n_ © fj © n+) such that Xfj.( a a) = A*) Xn( a i) = for 
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i ^ 0. It is clear that this is a necessary and sufficient condition for determining 
the representation Ind^ induced from p = gl n © 21+ © gl n with the highest weight 
Xfi- Thus, we have defined the family of representations Ind^ (fi G C) of the Lie 
algebra gli n . They are the main object of our study in Ch 1. We introduce certain 
notations: iy and y^ are elements of 21+ and 2l_, respectively (i, j = 1 . . .n), in 
the case of 21+ , the numbering goes upward and to the right and, in the case of 
2l_ , it goes downward and to the left. For example, t/n is the only element of 2l_ 
graded —1. 

Next, let Ak be a k x k matrix in the upper right corner in A\~ = (yij), i, j = 
l...k, and Det fe G W(2l_) = 5*(2l_) be the determinant of the matrix A k . For 
example, Deti = yu, Det 2 = yu • 1J21 — J/11 ■ J/22 and so on. Let v be the highest 
weight vector of Ind^. 

1.1. The main result of Sec. 1 is the following theorem 

Theorem 1. The representations Ind^ of the Lie algebra gl 2n are reducible for 
/i G Z>_„ +1 and irreducible for other /! G C. For fj, G Z> , the singular vectors in 
Ind^ are 

Dct^ +1 -v, Dct£+ 2 Dct£+" -v. 

For —n + 1 < n < and fi £Z, the singular vectors in Ind^ are 

Dct^+x -v, Vct 2 _^ +2 -v,... , Det£ +n -v. 

The remaining part of Sec. 1 is devoted to the proof of this theorem. 

Remark. Detfe are weight elements of W(2l_) of the weight, — (fcao + (k — l)(a_i + 
ai) + . . . (cn_fe+i + Qfe_i)J. For the I-specialization, this weight is equal to — k 2 . 

1.2. Let gl { n ] = © fjW © n^, ff 4 2) = ti^ 2) © f) (2) © n^ 2) , and v be the highest 
weight vector in Ind^. Any element of Ind^ has the form £ • u, where £ G t/(2l_) = 
5*(2l_). If £ • v is a singular vector, then 

[e,£] -v G W(Sl_) • (n W ffinL^K 

where e G n+ C ghn is arbitrary. 

The main observation is that U(Ql) is invariant with respect to the ad- action of 
and i.e., we searh for vectors in Ind^ which are singular for gl^ ®gln^ and 
then find the values of \x when these singular vectors pass to uppon the application 
of eo = x\\. To be more precise, if e_i, . . . , e_„+i (ei, . . . , e„_i) are root vectors 
from gin 1 (gl^) corresponding to the simple positive roots a_i, . . . , a_„+i(ai, . . . , a„_i), 
then the operators ad(ej) for i < shift the + l)th column of 2l_ (reckoning from 
the center) to the right by 1 and for i > they shift the (i + l)th row upward by 1. 
In other words, on the space W(2l_) = C\yij\ i,j = l,...,n] ad(ej) for i < acts by 
the vector field y s .\i\ dy ° '. — - and for i > by the vector field ^ yi,s g y d 1 ■ 

s=l...n S.M + 1 

1.3. The following lemma refers to the action of the operators ad(n^) and 
ad(n^ 2) ) onW(2L). 
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Lemma 1. The monomials Detf 1 • ... , • Det*" -v and only these vectors are gln^ ® 
gin" 1 -singular vectors in Ind u (for any /i) . 

Proof. The fact that these monomials are gl n ^ © g/i^-singular vectors follows from 
the results of Subsec. 1.2. Conversely, let £ • v be a gl„^ © gl„^ -singular vectors in 
Ind n (£ 6 S*(2l_)). We shall consider the minimal rectangular domain in 2t_ with 
the vertex in the central (upper right) corner which includes all elements which are 
contained in the notation of £. Suppose, for example, that it is horizontal side is not 
smaller than the vertical one and is I long. Then there are no more than I squares 
yn, . . . ,yu, in the Ith column of this rectangle, we shall apply the elements from 
that shift the Ith column to the right by 1, . . . , (I — 1) squares (if the vertical side 
is greater than or equal to the horizontal one, then the lower row must be shifted 
upward by the elements from n + ). We ragard as variables only yu, . . . ,yu, i.e., 
we assume that the other variables have general values. We search for a nontrivial 
linear expression from yn, . . . ,yu which are vanish under the corresponding (I — 1) 
vector fields. Let £ — a iVi,i be this expression, and then 



(1) 



i=l...l 



i=l. 



where <Xj are unknowns and y i • are yij regarded as constants of the general position. 
It is clear that then the solution {a^} is unique, and therefore, 



(2) 



i=l... 



aiVi,i 



Det 



Vi,l Vi,i- 



.yi,i y 1,1-1 



Vl.iJ 



since the minors with respect to the Ith column taken with the signs satisfy (1). 

Next, all (and not only linear) expressions from {yu, . . . , yi,i}, that vanish under 
the corresponding (I — 1) vector fields lie in 



(3) 



C 



/ yi,i 2/ij-i ••• 2/n \ 



Det 



\yi,i vli-i 



Vl,iJ 



A. 



Indeed, let us consider an /-dimensional vector space V — {yu,... ,yi,i}- For 
every point of V there is a hyperplane going through it and vanishing under these 
I — 1 vector fields. We draw in V a straight line intersecting these hyperplancs 
transversally. Clearly, the function which is vanishing under the fields is uniquely 
defined by its restriction to this straight line. However, (2) defines a linear function 
of the parameter of this straight line and any polynomial of the parameter of the 
straight line lies in A (sec (3)). Then we seek the gl n © gin -singular weight 
vectors, and any vector of this kind has in accordance with that has been proved 
already, the form C ■ Detf -v, where C is expression from the least square. We can 
apply the preceding arguments to the expression C and obtain Lemma 1. 
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1.4. The next step is to find when eo acts by zero on the expression DetJ 1 • . . . • 
Det^j™ -v for finding the g^n-singular vectors. We shall first calculate [eo, Detfc] (e = 

Xn). 

Let, as in Subsec 1.0, Ak be the matrix (j/y) i,j = l...k. We denote by Ak the 
matrix {y%j) i, j = 2 . . . k. This is a (fc — 1) x (fc — 1) matrix. Suppose, furthermore, 

that zf is an element from n_ lying in the ith column above yu and z~ is an 

(2) 

element from n_ lying in the jth row on the right of y 3 \. We write Detfc = DctAfc 
first with respect to the upper row and then with respect to the right column. We 
obtain 

DctA fe = (-l) 1+fc yn • BetAk + £ • DetA^, 

i,j=1. ..fc 

where A^ is the matrix Ak without the ith row. The matter is that only yu and 
yji do not commute with eo- 
We have 

[e , Detfc] = (-l) 1+fe DctIfc ■ a% + ]T (-l) i+J Det2^+ • Vjl - y u zj). 

i,j=2...k 

Since [2+,2/ji] = -yji, we have 

[e , Detfc] = (-l) 1+fe Det^ • e$ + J2 ■ t^Det2^+ 

i,j=2...k 

(4) E • Det^(y,iz+ - yu ■ zj). 

i,j=2...k 

However, 

(5) Yl (-l) i+J '"V-AJ=(-l) fc+1 -(*-l)-Det2;. 

i,j=2...fc 

Therefore from (4) and (5) we have 

[e , Detfc] - (-l) 1+fe • Dctlfc ■(<# + *;- 1)+ 

(6) E (-l^-Det^fe!-^-^-). 

i,j=2...k 

It is clear that the second term in (6) belongs to W(2l_) • n_ ©W(2l_) • n_ and 
therefore acts by zero on the highest weight vector v in Ind^ . We have proved the 
following lemma. 

Lemma 2. Detfc ■ v is a singular vector in Ind^ for /j, = — k + 1. 

Obviously, Detf +1 • u is a singular vector in Ind^ for /i = fc > 0. We have thus 
proved that for /1 G Z>_„ + i the representations Ind^ are reducible. 

Note the following important consequence: let fi = — k + 1 + 1, where t is small. 
It follows from (6) that eo • Detfc • v is a first-order infinitesimal. This is also true 
in the case of a singular vector of the form Det^ +1 • v for /x = k > 0. 

1.5. Here we calculate [eo, Det^]. 
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Lemma 3. 

K+ Det fe ] =0, 

[z~,Dct fe ] =0,(i = 2...k). 

Proof. ad(zf) acts by a vector field on S'*(2l_) which shifts the first column to the 
ith one and ad(z^) acts by a vector field which shifts the first row to the ith one. 
Hence, for i < k, we obtain the determinant of a matrix with two similar columns 
(rows). 

Lemma 4. 

[e , Det fc ] = (-l) 1+fe • I ■ (DetAk • Dctjr 1 ^ (c$ + k - I) + x, 
where x G W(2L_) ■ n W 0W(2l_) ■ n W . 

Proof. The weight of Detfc is equal to — I ka + (k — l)(a-i + «i) + . . . + (ai-k+i + 



otk-i) ) = @fe5 @fc( a o ) = — 2. According to Lemma 3 and relation (6), we have 



[e ,Deti] = (-l) 1+fc 



DetAk ■ (e# + k - 1) ■ Det' fc _1 + 

+ x, 



Det fe • DctAfe ■ (o# + k - 1) ■ Dct™" 2 + . . . 

where x G Z^St-Kn^ © n^). 

K + fc - 1) • Detfe = Detfe + fc - 1 + 6 fc (a#)^ = Det fc (a# + fc - 3). 
Therefore, 

[e , Deti] = (-l) 1+fc (DetA k • Det^ 1 ) ■ ( (oq +k — l) + (otQ + k- 3) + 



...+ (a% + k- l-2(/-l)^ 



The part dependent on ag is equal to (chq + k — I). 

Corollary 1. (1) Det fe ■ v is a singular vector in Ind^ only for fi = I — k. 

(2) If p, = I — k + 1, where t G C is small, then [eo,Det fe ] • v is the first-order 
infinitesimal with respect to t. 
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1.6. Let £ • v = Dct'j 1 • . . . • Det^ • v be a singular vector in Ind^ with lk ^ 0. We 
denote Det^ = (— l) fc+1 • lk ■ DetA^, and then 



(7) 



[ecDet^ 1 • . . . • Detjf] = 

Deti • Det^Dct!, 2 • • • Dct^ fc + 1 - h - 2(l 2 + l 3 + . . . + l k 

Det^DetzDet^DetJf • • • Dct^ + 2 - l 2 - 2(l 3 + ... + l k )^j + 

■■■+ Det^ 1 Detj^i • Det fe • Dct^ 1 (atf + k - l k ) + x, 

where x G U(&-)(n ( L ) © n? } ). 

We shall consider all determinants as elements of the ring C[yij; i,j = 1 . . . n]. 
The last term in this ring cannont be divided by Det' fe fe but can only be divided 
Det' fc fc_1 , and therefore, if £v is a singular vector in Ind^, then either the last term 
in (7) (with the exception for x) acts on v by zero or all the others. It follows from (7) 
that the parts in the parentheses, dependent on ag , have the form (o^q — a s ), where 
a s increases. Since lk ^ by hypothesis, the last term acts on v by zero. Hence 
follows the part of Theorem 1 stating that ^ e Z>_ n+ i. Let us consider the other 
terms. The last term cannont be divided by Detj^ but can only be divided by 

Det^Ji 1 and the other terms can be divided by Det k k Zi ■ Therefore this term acts 
on v by zero, and this is impossible since the sequence a s increases. This proves that 
the vectors Det^ • v exhaust all singular vectors in Ind^ and also proves Theorem 1. 

2. Shapovalov's Form on Ind^. 

2. 0. Let us consider any semisimple Lie algebra g and assume that M is a certain 
Verma module over g. Then the contragradicnt module M' has the same highest 
weight as M, and therefore, there is a unique g-homomorphism a : M — > M' . On 
every level V k of the module M, the map a defines the bilinear form a>k ■ Vk <8> Vk — > 
C. The form ctk is known as Shapovalov's form of the Verma module M. We have 
g = n_ © [) ® n + and, for /, e n_, denote ej = uj{fi), where u is the Chevalley 
involution. It is clear that (fij l2 ■ ■ ■ f ik v, f jl ■ ■ ■ f jt v) = e ik ■ ■ ■ e il f jl ■ ■ ■ f n v. Next, 
the form ak is symmetric. The vector v € Vk lies in a certain proper submodule in 
M if and only if (v, w) = for all w € Vk- If Shapovalov's form is nondegenerate 

on Vk, then the maximal submodule in M does not intersect Vi. Let us consider 

i<k 

a quotient module L of the module M, 

L = M JM\. 

Then (\4nM1) J_Vfc, and therefore, there exists Shapovalov's form ak ■ L®L — > C 
with the properties given above. In particular, ak is nondegenerate if and only if 
L is irreducible. 

Let us consider Shapovalov's form on Ind^. For /1 ^ Z>_ Il+ i it is nondegenerate. 
The determinant of Shapovalov's form is not uniquely defined. However, if we 
regarded this determinant as a function of /x, then the multiplicity of zero is uniquely 
defined. 

Our aim is to determine the multiplicity of zero of the determinant of Shapo- 
valov's form on the levels of Ind^. 
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2.1. Lemma 1 states that w = Det^ 1 • . . .-Det^™ -v is a g?n ^ ©g^-singular vector 

in Ind a for any k\, . . . , k n > and these monomials exhaust gln^ © g/^-singular 
vectors. 

Lemma 5. For different (k±, . . . , k n ) the gl„^ © gl„' } -weights of the corresponding 
monomials w are different. 

Proof. The proof is obvious. 

This very simple result has a fundamental significance. 

Lemma 6. Ind u = © (of irreducible finite- dimensional gln^ © gin' * -modules with 
different highest weights). 

Proof. We have only to prove that © acts on Ind u locally finitely. The op- 
erators adn^(adn^) shift any element yij to the left (downward) and the elements 
of the nth column (of the nth row) commute with nL^nf 2 '). 

Example. The gffl © g^-modules corresponding to Deti • v, Det2 Dct„ • v 

are, respectively, 

A^V © A n ~ 1 V 1 A n - 2 V © A n ~ 2 V, ... , A V © A V, C, 

where V is the tautological n-dimensional representation of gl n . 

2.2. Since the weight of all arising gl n ^ © gffl -modules are different, under the 
mapping a : Ind u — > Ind' u that defines Shapovalov's form every irreducible gln^ © 

glif' '-module L passes into L'. It follows that all irreducible gl„^ © gln^ -modules 
arising in Ind a are pairwise orthogonal in the sence of Shapovalov's form. Thus, if 
we choose a base on a certain level of Ind n that agrees with the decomposition of 
Ind u into the direct sum of gl n ^ © (//^-modules, then the matrix of Shapovalov's 
form is block-diagonal in this base. Therefore, the determinant of Shapovalov's 
form is equal to the product of the determinants of these blocks. 

Next, let w = Det^ 1 • . . . • Dct^" -v be a singular vector gl^ © gZi^-module L. 
A typical vector of the intersection of L with a certain level of Ind n has the form 
fi s . . . fi ± w, where /»!,... , fi 3 € © n^. The corresponding block in Shapo- 
valov's matrix consists of elements w'ej 1 . . . Cj t fi s . . . f^w, where e . . . and w' are 
images of / . . . and w under the Chevalley involution. Since acts trivially 

on w, we find that the block of Shapovalov's matrix on the jth level of Ind a , cor- 
responding to the gl^ © g^-module L, is equal to {w,w) Pj(L ^ ■ A, where Pj(L) 
is the dimension of the intersection of the jth level of Ind u with L and A is the 

matrix of Shapovalov's form of the gl n ^ © gl n 2 ^ -module L on this level. Note that 
here only (w, w) depends on /i and dct A ^ since L is irreducible. Thus the prob- 
lem of determining the multiplicity of the zero of the determinant of Shapovalov's 
form (on any level) reduces to the search for p w ([i) = (w,w) for any monomial 
w = Det^ 1 • . . . • Bet n n -v. 

2.3. The direct calculation of (w,w), even for w = Dct^ -v is impossible, and 

n 

therefore, we do the following: first, we prove that deg p w {p) — Yl * " ^» (which 
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was to be expected), and second, we find possible roots of p w {n) and their maximal 
possible multiplicities. It turns out that the sum of these multiplicities is exactly 

n 

equal to Yl i ■ fcj. 

i=i 

Lemma 7. p w (a) = 4=> w belongs to the submodule in Ind a . 

Proof. If w belongs to the submodule, then it is clear that (w,w) — 0. On the 
other hand, in the block base (see Subsec. 2.2) of a certain level of Ind^ w is a 
lxl block since w is the only element of some gift © gift -module L on its level. 
Therefore, (w,w) = => (wi,w) = for any wi from the corresponding level. 
Consequently, w belongs to the proper submodule in Ind^. 

It follows from Lemma 7 and Theorem 1 that p w (fJ,) can have only integer > 
— n + 1 roots. Let us first consider w = Dctfc -v. 

Lemma 8. For w — Det^ -v p w {p) can only have the roots 

-fc + 1,... ,-1,0 

(a total of k roots, and p w is a of degree k polynomial; however, there can be 
multiplicities). 

Proof. It follows from Lemma 7 that if p w (a) = 0, then we can obtain a certain 
singular vector in Ind a by acting on w by operators from n + C ghn- 

(1) a > + 

The action of ad% + cannont sent the element from the k x k square of Ak into 
2l_, and the first singular vector in Ind-k is Dct^+i -v. 

(2) a < 0. 

It is true that for every w = Det^ 1 . . . Det^j™ -v, the action 2l + cannont increase 
the degree of w with respect to any yij e 2l_. Let us prove this for w = Detfc -v 
and yn = f . 



Fig. 2 

Detfc is the sum of monomials each of which contains exactly one element from 
the first row and exactly one element from the first column (they can coincide). 
Let z\, z\, z\, . . . be elements lying in the first column of 2l_ outside of 2l_ and 
zi, z 2 _, z 3 ,, . . . be elements lying in the first row of 2t_ outside of 2l_ (see Fig. 2). 
The reader can easily verify that the element /o can be obtained in only two ways: 

(1) we apply ad(xi S ) to yu, obtain z^T 1 , and apply ad{z s T 1 ) to y s i; 

(2) we apply ad(x S i) to yn, obtain and apply ad(z^T 1 ) to yi s . 
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Thus, one element from the first row and one element from the first column 
must be used in the formation of f Q . In general, an element from the ith row and 
an element from the jth column must be used in the formation of the element 
Uij. Therefore, in the process of apploication of elements from 21+ to Detfe, every 
monomial will contain not more than one element from every row and every column. 

For /j, = 1, the singular vectors /□,... in Ind\ contain f of the > 2 degree, and 
therefore, is impossible to obtain them from Det^ by the application of elements 
from 21+ . 

The proof of Lemma 8 implies the following corollary. 
Corollary 2. 

(1) For any monomial w = Dct^ 1 • . . . • Detjj" -v the application of elements from 
21+ cannont increase the degree of w with respect to any G 2l_ , 

(2) the roots ofp w (fj,) lie in the interval [—1 + 1, (X) ^i) ~ 1]; where I is the largest 
i for which ^ ^ 0. 

2.4. Here we find an upper estimate for the multiplicities of the roots of p w (ij) 
given by Corollary 2 (2). 

Lemma 9. If /j, = a is a root of multiplicity d of the polynomial p w (/i), then, for 
fi = a + t (t is small), (w\,w) a +t is either equal to or is an infinitesimal of the 
order of exactly d with respect to t. In other words, for any ej 1 , . . . , ej s G n+ C ghn, 
(ej s . . . ej t ■ w) ■ v is either or an infinitesimal of order d. 

Proof. This is similar to the proof of Lemma 7. 

It follows from Lemma 9 that the required multiplicity is equal to the multiplicity 
of zero for /i = a+t in the expression (ej s . . . ej 1 -w)-v for all ej 1 , . . . , ej s e n+ C ghn- 

Lemma 10. The maximal possible multiplicity of the root [i — a in p w ([i) is not 
larger than the number of singular vectors in Ind a lying at the levels not exceeding 
the level ofw. 

Proof. According to Corollary 1 (2), every singular vector increases the order with 
respect to t by unity. On the other hand, if w e Ind a is not a singular vector, 
then ejW in Ind a +t is not an infinitesimal and not zero for some ej G n+ C ghn- 
Iterating this process we derive the statement of the lemma from Lemma 9. 

In conjuction with Corollary 2 (1) we get 

Lemma 11. The maximal posiible multiplicity of the root [i~ a in p w {n) is equal 
to the number of singular vectors in Ind a lying not lower than w and having {in 
the notation Det^ -v) a degree with respect to any yij G 2l_ not higher than w. 

Examples. In Subsec. 2.5 we shall prove that deg p w (fi) = J2 i ■ h- 

i—l...n 

(i) w = Detfc -v. 

For — fc + l<a<0, the conditions of Lemma 11 are satisfied only by the singular 
vector Det_ a +i -v, and therefore, every one of the possible k roots has a multiplicity 
not higher than 1, and since deg p w (fi) = k, we havep t0 (^) = yu-(^i+l)-. . .-(fi+k— 1) 
with an accuracy up to a constant. 

(ii) w = Det2 • Det 3 -v. 

The possible roots of p w (fi) are 



+1, 0, -1, -2 



CERTAIN TOPICS ON THE LIE ALGEBRA gl(X) REPRESENTATION THEORY 15 



for \i = —2, singular vectors in Ind^ are Det3 -v,T)et\ -v, . . . ; the conditions of 
Lemma 11 are satisfied only by Det3 -v, the maximal multiplicity is 1; 

for /i = — 1 singular vectors are Det2 -v, Detg the conditions of Lemma 11 

are satisfied only by Det2 -v; the maximal multiplicity is 1; 

for fi = 0, singular vectors are Deti -v, Det 2 -v, Det 3 -v, . . . ; the conditions of 
Lemma 11 are satisfied only by Deti -v, Det^ -v; the maximal multiplicity is 2; 

for (i = +1, singular vectors are Detj -v, Det^ the conditions of Lemma 11 

are satisfied only by Detj -v; the maximal multiplicity is 1. 

On the other hand, deg p w = 5, and therefore 

with the accuracy up to a constant. 

Lemma 12. For w = Det* 1 • . . . • Det*" -v we have 

deg p w (n) = ^2 i-ki- 

i—l...n 

The proof will be given in Subsec 2.5. 

The situation encountered in the examples given above is the same for any w. 
Indeed, we can use another technique to calculate the sum of the maximal possible 
multiplicities. We can obtain Det^™, Det^" -1 ,..., 

Det„; Dct^j^, . . . , Dct„_i; . . . ; DetJ", . . . , Deti, from Det^j", certainly, for different 
/i. We have the total of n ■ k n singular vectors. Repeating this reasoning for Det^ 
for any i, we find that the sum of the maximal possible multiplicities is * ■ 

i—l...n 

We have proved 

Lemma 13. The sum of multiplicities calculated with the use of Lemma 11 is 

i—l...n 

It is clear that we can find p w (fi) (with an accuracy to within the multiplication 
by a constant) for any w — Det* 1 • . . . • Det^j" -v. 

There are two ways of formulating the answer in a concise form (the second form 
is the main one), namely, 

Technique 1. For every Detfe, we must write the corresponding polynomial Pk{p) = 
/i(/i + 1) . . . (/U + k — 1) and shift this Detfe to the right, to the end of the monomial; 
when shifting by one, the determinant (of the first degree) Pk(p) is replaced by 
Pk{jJ- — 1). We must shift all the polynomials to the end of the monomial and then 
multiply them. (We must do this in the order 

w = Dct5 Cl -...-Dct^-y). 

(21 

Technique 2. If we consider w to be the highest weight of the corresponding gl„ - 
module, then a certain Young diagram V(w) corresponds to it (here n » deg w). 
We must cut V(w) by oblique straight lines under the angle of 45° as is shown in 
Fig. 3. 

The number of squares on a certain diagonal is the multiplicity of the corre- 
sponding root, from the smaller to the larger roots if we cut upward. We denote by 
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w = Det2 • Det3 -v 
Pw(jj) = (M- 1)mV+1)(m + 2) 

Fig. 3 

1(D) the number of diagonals and by m, . . . , n;(x>) the number of squares on the 
diagonals if we cut upward. Then 

l(V) 

(8) P w {») = 110" + k(p)~i) ni , 

i=l 

where ft(X') is the maximal height of V(w) {p w {p) with an accuracy to within the 
multiplication by a constant). Thus, the length of the "central" diagonal that passes 
through the upper left vertex of D(w) is rqual to the multiplicity of the root /j, = 0. 

2.5. Here we prove Lemma 12. As we have mentioned, the direct calculation 
of Pwin) is impossible, even for w = Dct/j -v. However, it is very easy to calculate 
explicitly the highest coefficient and prove that it is not equal to zero. 

Let w = Dot* 1 • . . . • Det^" -v. We shall calculate (w, w). We denote by pi the 
monomials, the terms of Det;, taken with the signs (i = 1, . . . , l\) and by q\ the 
images of p\ under the Chevalley involution. The sign that appears due to the 
Chevalley involution does not depend on the choice of a definite monomial but only 
depends on I. Only the terms 

(9) ((<#» . . . a(<£r ■ • • ■ • • (Pn-i 1 . . . . -k 1 )) ■ v, 

contribute to the highest monomial namely, the terms which are "symmetric" with 
respect to p and q. Due to this symmetry, the signs of all monomials are cancelled 

out. Now we set = }[ a; CT (i), for pf = ] [ y^i). Then, when we replace 

i=\...i i=\...i 
q by q, relation (9) remains valid with an accuracy to within the common sign 
dependent on w. Now we shift q to the right and, as a result, no signs appear. We 
have proved the lemma. 

3. The Jantzen Filtration: Formulas for the Characters of Irreducible 
Representations and Combinatorial Identities. 
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3.0. The considerations of Sec. 2 result in numerous formulas and identities. 
Indeed, let a G Z>_ rl+ i be a critical value of the parameter, and let Ind^ be the 
kernel of Shapovalov's form on Ind a . Then Ind^ is a submodule and Ind a / Ind^ 
is irreducible. Thus, from the results of Sec. 2 we can deduce formulas for the 
characters of irreducible representations of gli n and gl^. For example, at fi = 1 
for gl^ the character of the irreducible representation of gl x with zero highest 

weight and the central charge 1 is equal, by the Weyl formula, to FJ 7 t, 

»>i (1 - 1) 

and from the results of Sec. 2 the same character is equal (see Subsec. 3.2) to 

i+ v £ 

Thus we obtain the Eulcr identity 



(10) IlTr^i + ETT 



h 2 

q 



gV-V "^(l-«) 9 -(l-9*) a " 

If we set /i = 2, 3, ... , then we get the "higher analogs" of identity (10). On 
the other hand, for \i = —1, —2, . . . , we get relations for the character of the corre- 
sponding irreducible representation Ind^j Ind^ (see (17), (18) belolw). Note that 
by considering gl 2n rather than gl^, we obtain the "finite form" of identity (10) 
and of the highest identities (see Subsec. 3.2). 

3.1. Definition. For k G Z>i, we set Incffl = {w G Ind a | (w,wi) a+f is divisible 
by t k for any wi G Ind a }- Ind^ is the kth term of the Jantzen filtration. Ind^ 
is a submodule in Ind a for any integer k > 1, and 7nd a D Ind^ D Ind^ D .. . is 
the Jantzen filtration of the module Ind a . 

Lemma 14 (A description of the Jantzen filtration of Ind a ). Let a be a critical 
value of the parameter. Then Ind^ is the union of all irreducible gln^ © gin' '- 
modules, the scalar square p w (if) of whose highest weight vector w has /i = a a root 
of multiplicity > k. 

Proof. According to Lemma 9, the condition imposed on w formulated in the lemma 

(k) . (k) 

is equivalent to the fact that w G Ind a . However, since Ind a is a (;/2n-submodule, 
Ind^ contains the whole irreducible gl n ^ © gln^ -module with the weight vector w. 

We have proved the following relationship (that always exists) of the Jantzen 
filtration with zero multiplicity of the determinant of Shapovalov's form. 

Corollary 3. Let Vj be jth level of Ind a . Then the multiplicity of zero (with 
respect to n at the point [i = a) of the determinant of Shapovalov's form on the jth 
level is 

dim(Vj n Lnd^) + dim(J$ D Ind^) + ... 

(the sum is finite). 

Theorem 2 (Jantzen's conjecture). The consecutive quotient modules of the Jantzen 
filtration are semisimple. 

Proof. Due to the existence of the gln^ © g^-action on Ind a , as distinct from 
the case of the Verma modules, in our case, Jantzen's conjecture can be proved by 
means of elementary reasoning. 
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The restriction of Shapovalov's form to Ind a is divisible by t k . We divide it 
by t k and then set t = 0. Then this form induces an invariant symmetric form 
on InSa^ 1 1 Incfa +1 ^ with values in C. We denote it by (,)k- The form (, on 
Ind^ / Ind^a +1 ^ is nondegenerate. Indeed, assume that we consider the Ith level 
Vi of the module Ind a , and let £ G Vi belong to the kernel of (,)k- Then £ = 
£i + . . . + £ s , where £i, . . . , £ s are components of £ relative to the decomposition of 
V; into the direct sum of the intersections of Vi with irreducible gin ^ @gln^ -module 

^ ^ 

Assume, for example, that £i ^ 0. It follows from 2.2 that VJ^ _L £2, • • • , V^ 1 ^ _L 
£ s . Let w be the highest weight vector of the gffl © gl n 2 ^ -module corresponding to 
V^ 1 ^ . Then, in accordance with Lemma 14, (w, w) is vivisible by t k and not divisible 
by t k+1 , and therefore, the form (, ) k on this gffi ffi gZ^-module is nondegenerate. 
Therefore, (£i,£i)fc 7^ for a certain £J G v/ 1 ^, and consequently (£,£i)fc 7^ 0. 

Suppose now that N c Ind>a' Ind>a ' is a certain gr^n-submodule. To prove 
the theorem, it is sufficient to show that NHN 1 - = (N 1 - in the sense of (,)&). Let 
£ G NCiN 1 - and £ 7^ 0. Assume, as above, that ^ G V^ 1 ^ is nonzero. Being a g^© 
g^-module, N contains all and the reasoning that proves the nondegeneracy 

of (, ) k allows us to find G G N such that = (£,£1) is nonzero, and 

therefore, £ is not orthogonal to N. 

Theorem 3. The submodules generated by singular vector in Ind a constitute the 
complete list of submodules in Ind a . They are embedded into each other and the kth 
submodule coincides with Ind^ . The consecutive quotient modules Ind^ / ' Ind^a +V> 
are simple. 

Proof. 

(1) There is exactly one singular vector in Ind^ j ' Ind^ +1 \ In fact only some 

highest weight vector of the irreducible gln^ © gZl 2 ^-module can be such a singular 
vector. Now the assertion follows from Corollary 2 (1) of Sec. 2. 

(2) It follows from (1) and Theorem 2 that the consecutive quotient modules of 
the Jantzen filtration are simple. Indeed, assume that Det* v is a singular vector in 

Ind a and that it belongs to Incffi . Then Det^J v is the next singular vector and 

it belongs to Ind^a +V> ■ Dctp +1 v belongs to Ind^ and, since the representation 

Ind^ j Ind^a +1 ^ is simple, 

Det« +1 -v = W(2t+) • Det« -v + a, 

(k-\-l) 

where a G Ind a . It follows from Lemma 14 and Lemma 11 that a = from 
the grading considerations. Therefore, Detp +1 -v belongs to the submodule in Ind a 
generated by the singular vector Det^ -v, and this implies that the singular vector 
Detp^J -v also belongs to this module. This proves Theorem 3. 

3.2. Here we consider formulas following from the fact that Ind a /lnd^ is an 
irreducible module for a > 0. 

First of all, let us consider a representation of gl^ (or of gloo i fi n ) with a zero 
highest weight and the central charge fj, = 1 (or with one zero label respec- 
tively). Then Det 2 -v is the first singular vector, and it follows from Lemma 11 
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that outside of Ind^ there are glQ © gZlJ -modules with the highest weight vec- 
tors v, Deti -v, Det2 -v, . . . and only these vectors. It is clear that the charac- 

(2) 

ter of the irreducible oZL -module with the highest vector Detj. -v is equal to 
the character of the glQ © gl& -module is equal to its square 



(l-g)...(l-g*) 

z-^, and the weight of Detfc is equal to k 2 . Hence 



(l-g) 2 ...(l 



n a-?*) ' 1 ^(i-<?) 2 -...-(i-g fe ) 

i>l — 

(relation (10), the Euler identity). 

Let us write out the "finite form" of the last identity, replacing gl^ by ghn- only 

(2) 

v, Deti , Dct„ -v remain. The character of the irreducible gl„ -module with 

the highest weight Detfc is equal to 

(l-g"- fc+1 )-...-(l-g") 

and the character of the corresponding irreducible g^n-module is equal to 

(1 - q n+1 ) • (1 - q 2n ) 



Q 



k\2 ' 



(12) 
We have 



(1 - q) . . . (1 - q") 
(1 - q n+1 ) • (1 - q 2n ) 



(13) V- gfc 2 .(l- g "-fc+l)2.....(l- g ")2 

(i-<z) 2 -----(i-< ? fe ) 2 

(neZ >0 ). 

In what follows, we shall not write out the finite forms of the formulas and 
identities. 

For fj, = I > 1, the first singular vector in the gZ^-modulc Ind^ is Det^ 1 -v, and 
therefore, the highest weight vectors of the glQ) © gl& -modules which lie outside 

2 2 

of Ind^ are the monomials w = Det^ 1 • . . . • Det^ s -v with fci + . . . + k s < I. Let 
V(w) be the corresponding Young diagram, and let xi w ) be the character of the 

(2) 

corresponding irreducible gl\o '-module. Then 

1 



(l-q)(l-q 2 )...(l- q J(l-q^Y-... 
(14) 1+ ^ g fc 1+ 4fe2 + ...+, 2 fc s . ( x ( w ))2_ 

{l«|fel + . .. + fe s <(} 

We write this explicitly for / = 2. Here cither w — Detj •» or n = Detj • Detj -v 
for i < j. In the second case, the diagram V(w) is shown in Fig. 4: 
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x(Deti-Detj) = 



Fig. 4 

1 n (i-? fe )- n (i-« fe ) 
fe=i...» fe=i...j+i 



We have 



(! - q) ■, , sr i k 



U(l-q s ) 2 1 + ^(l-g) 2 -...-(l-^) 2 

s>l — 

■2 , -2 



+ 



fl5l v +J ■ (1 - g J -' +1 ) 2 ■ ■ ■ . ■ (l - g J ) 2 

1 J [(1 - g) 2 (l - 9 2)2 . . . . . (1 _ ,3^)2] . [ ( 1 _ ff) 2 ..... (1 _ ^-+1)2] 



j>i>l 

Finally, 



TT(I L W = 1+ S ? fel+4fe2+ - +s2fes • (xH) 2 , 

M over all u> 

where w — Detf • . . . • Det* s -v and x(w) is the character of the irreducible gl\J- 
module with the corresponding Young diagram. Note that in (16) the summation 
is carried out over all Young diagrams. 

3.3. Let us consider the case \i = —1, —2, —3, .... For example, if fi = — 1, then 
w which lie in Ind-i \ Ind^\ are Deti -v, Det 2 -v, Det^ We denote by X-i 

the character of the irreducible g^-module with the zero highest weight and the 
central charge —1. We have 

,17) 1 +g« t - (i-,)..,. 1 . (1 - a >). - 

For /i = —I, the first singular vector in Ind^i is Det;+i, and therefore, the general 
case is as follows. We denote Wi = {w = Det* 1 • Det* 2 • . . . • Detf ! ; k t > 0}. Then 

(18) X -l= E q kl+4k2+ - +l2 - h -(xH) 2 . 

w£W l 

3.4- Here we use the whole Jantzen filtration, not only its first term. According 
to Theorem 3, the module Ind^ / Ind^ +1 ^ is irreducible. 

3.4-1- Let —k G Z<o, and then the singular vectors in Ind-k arc Detfc + i -v, 
Det 2 +2 -v, . ... It is clear that Ind^} k j Ind^ 1 ^ is an irreducible module with the 
highest weight vector Det l k+l -v (I > 1). We denote the corresponding weight by 
A ; ~. We have 

A ; "K) = -fc-2/ 

(19) K(<*±(k+i)) = h «>i 

the other Aj _ (aV) = 0. 
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The highest weight vectors of the glQ © gZ^-modules w lying in InS\ \ Ind^ 1 ^ 

Wf = joet^ 1 • Det* 2 | k s>l and ^ k s < l\. 

s>k+l s>k+l+l 



are 



Then, as usual, 



(20) Xoo(Ar)= J2 q- l(k+l)2+kl+4k2+ --(xH) 2 . 

3.4-2. Let k e Z> . The singular vectors in Ind k are T>et\ +1 -^Det^ 2 -v, 

The highest weight vector of Ind^ / Ind^ 1 ^ is Detf +Z -v. The corresponding high- 
est weight 

A+«) = -k-2l 

(21) Af(a£ l ) = k + l, l>l 

the other A+(a 4 v ) = 0. 

and glQ © gl& , the highest weight vectors w lying in Ind^ \ Ind^ +1 ^ are 



W+ 



iDcti 1 -Det^ 2 | ^k s >k + l, and ^fc s </c + zl. 



S>( s>f+l 

Then 

(22) Xoo(A+)= q- (k+l)l2+kl+4k2+ --(xH) 2 . 

wew+ 

Chapter 2. 
The Lie Algebra gl(X): 
irreducible representations 
and the Local Identity 

1. Introduction: the Lie Algebra gl(\) and Induced Representations. 

1.0. In Chapters 2 and 3 we deal with the theory of representations of the Lie 
algebras gl (A) (A C C) and of the Lie algebra of functions on a hyperboloid. We prove 
the equivalence of the irreducibility of certain representations of these Lie algebras 
to the local identity (in Ch. 2) and to the global identity (in Ch. 3) with power series 
(see Subsec. 0.11). The local identity connected with the representations of the Lie 
algebra gl{\) have the form 



(1) 



-( TT 1 

da y Al (1 - aq 1 ) 1 

r^r- ell V ' 



over all 
u;=Det i 1 1 -...-Det^ 
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Here T)(w) is the Young diagram consisting of the blocks 1 x l\, . . . , k x Ik (see 
Fig. 1, Introduction), #V{w) is the number of squares in it, i.e., J^i-k, and x( w ) 
is a "semiinfinite" character corresponding to V(w) (see Subsec 0.11 and Ch. 1). 

In Sec. 1, we introduce the principal objects of study, namely, the Lie algebra 
g/(A) (A G C ), parabolic subalgebras in it, and representations induced from them. 
The parabolic subalgebras for which the first level of the induced representation is 
fc-dimensional depend on fc complex parameters and the space of possible highest 
weights of the induced representation is also fc-dimensional (see Remark 1 below). 

In Sec. 2, we define the inclusion ip s : gl(X) gloo.s dependent on ,s G C, 
where the Lie algebra gloo, s depends analytically on s G C and for the general 
s, is isomorphic to the Lie algebra gloo- Since H 2 (gl(X),C ) = 0, the inclusions 
9 S : gl{\) ^> gloo yS are also defined. We consider the inverse image 9* s {Ind^^ s ) (p, G 
C ) of the representation Ind^^ s of the Lie algebra g^.s, which is similar to the 
representation Ind^ of the Lie algebra gl^ from Ch. 1. We get a two-parameter 
family of representations of the Lie algebra gl(X). We make a full investigation of 
the irrcducibility problem of these representations. It turns out, on the other hand, 
that in this way we get the reprersentations of gl(X) with a one-dimensional first 
level induced from all "maximal" parabolic subalgebras p a , a G C, except for two 
or one (according as A). 

In Sec. 3 we use the results of Ch. 1 to find the expression for the determinant 
of Shapovalov's form of the representation 9*(Ind flyS ) as a function of /i and s. 
Then Theorem 2 stating that for the general A the representations of gl{\) induced 
from p a are irreducible for one of the two exceptional values of a, and we equate, 
by continuity, to zero the multiplicity of the zero of the determinant of Shapo- 
valov's form of the representations 9*(Ind fl ^ s ), which are close to the exceptional 
representations. Thus, we get the local identity (1). 

In Sec. 4, we prove Theorem 2 on the irreducibility of representations induced 
from two exceptional parabolic subalgebras for the general A and x(h) ^ (see also 
Appendix B). 

1.1. Let us consider the adjoined action of the principal s/2-subalgebra of the 
Lie algebra gl n on the whole algebra. Being the s^-module 



n-l 

gUi — 

i=0 



where 7Tj is an irreducible (2i + l)-dimcnsional sZ 2 -module. Being a Lie algebra, 
gl n is generated by 7r , tt\, and 7r 2 , and for a sufficiently large n, relations of a fixed 

degree depend analytically on n. This allows us to determine the structure of the 

00 

Lie algebra on 7Tj dependent on the complex parameter A. The algebra gl(X) 

i=0 

appearing in this way was introduced in [1] . 

On the other hand, the same Lie algebra can be constructed more explicitly [1] . 

Let us define the associative algebra U\ as a quotient algebra U{sl2)/ ^ — ^ 

where U{sl2) is the universal enveloping algebra of the Lie algebra sl 2 (C ), A G C, 
h 2 

and A = ef + fe + — € U(sl 2 ) is the Casimir operator. It is easy to show that the 
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Lie algebra (with the bracket [a,b] — a ■ b — b ■ a) constructed using the associative 
algebra U\ coincides with the Lie algebra gl(X). 

Indeed, A is the central element in J7(s^ 2 ) which acts on the representation of 

sh with the highest weight A by the nultiplication by j- — -■ Thus, for A e Z>o, 
we have the homomorphism of Lie algebras 

gl(X) - gl{V x+ i), 

where Vx+i is an irreducible (A+ l)-dimensional s^-module with the highest weight 
A. This mapping is surjective. We denote its kernel by J\. Then gl(X)/J\ = gl\+i 

oo 

and J\ = ni with respect to the adjoined action of sl 2 C £/(s^ 2 ). However, 

i=A+l 

for this definition of gl(X), all relations a priori depend analytically on A. 
The Lie algebra sZ 2 = {e, h, /} is injected into gl(X). 
We set 

gl(X) 1 = {ve gl(X) | [h, v] = 2lv}, I e Z 

and 

n + = 0<?Z(A)'; t> = 9lW°; n_ = ff /(A)'. 

;>o ;<o 

We have gl(X) = n+®f)®n_. Note that for A e Z> , the corresponding 
decomposition of gl\+i — gl(X)/J\ = n+(J)f)(J)n_ concides with the standard 
Cartan decomposition of gl\+i- In this text, we consider representations of gl(X) 
with the highest weight vector, i.e., a vector v such that 

n + v = 0, 

hv = \{h) ■ v for h G f). 

It is clear that the decomposition gl(X) = ® gl(X) 1 defines the grading on gl(X). 

Therefore, every representation with the highest weight vector is Z>o-graded. 

The simplest representations with the weight vector, namely, the Verma modules, 
have infinite-dimensional levels since the subalgebra n_ is generated by the infinite- 
dimensional subset gl(X)~ x and the Cartan algebra \) acts on the levels not semi- 
simply. (The latter fact is true since gl (A) 1 (gZ(A)" 1 ) cannont be decomposed 
into the direct sum of ^-invariant one-dimensional subspaces but is only entirely 
^-invariant.) 

In order to get a discribable theory of representations, we must consider the high- 
est weights x f° r which the corresponding Verma module has a sufficient number of 
singular vectors and can be factorized to a representation with finite-dimensional 
levels. We shall say that a representation with finite-dimensional levels is quasifinite. 
These are representations induced from parabolic subalgebras and any quasifinite 
representation of gl (A) is a quotient of a representation induced from some parabolic 
subalgebra (see Subsec. 1.3). 

In addition to the Z-grading gl(X) — ® gl(X) k , there exists a filtration gl(X)k = 

k+l 

® 7Tj. The vector space gl(X) 1 (gl(X)^ 1 ) is an analog of the space of positive 

»=o 

(negative) simple root vectors. It is ^-invariant and cannont be decomposed into 
the direct sum of proper ()-invariant subspaces. Note that (//(A) 1 *" 1 generates n±. 
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1.2. Parabolic subalgebras in gl(X) are constructed as follows. Let us consider, 
in the "space of negative simple root vectors" gl(X)^ 1 = {P(h) ■ /, P(h) G C [h]}, 
a subspace of codimension k consisting of elements of the form P(h) ■ f, where 

P={h-a 1 )...(h-a k )P 1 , PieC[fc]. 

We denote by n_ the Lie subalgebra in n_ generated by this subspace. 
Lemma 1. n_ f) n + is a Lie subalgebra in gl(X). 

Definition. The subalgebra p ail ... , afc = n_ f) 0n + C gl(X) is parabolic corre- 
sponding by the roots a.\, . . . ,a k - 

Assume now that 9 : p ai ,...,a k — > C is a one-dimensional representation. Note 
that this is equivalent to the determination of the character 9 : f) — > C such that 

( 2 ) 0\t>n[ H_ : n+] = 0. 

The space of these characters 9 is (fc + l)-dimcnsional. 

Indeed, fjn[n_,n + ] = f)n[nL,n^], and therefore (1)<£> 0\[ e ^ h - ai )...(h-a k )Pi/] =0 
for all Pi G C [h]. It follows immediately that 9 can be uniquely determined from 
6>(1), 9(h), ... , 9{h k ) (see Remark 1). 

Now we set 

(3) L au ...^ k , e = U{gl{X)) (g) C. 



These representations of gl(X) are known as generalized Verma modules. 
Proposition 1. (1) n_ = nj (n_! = n_ n gl{\)~ 1 ), where n_ i+1 = 



ai)(h -ai + 2)...(h-ai + 2l) 



■Pi-f l+1 , Pi eC 



A- 



n(^ 

i=l 



(2) T/ie q-character of the representation L ai ak -g is equal to ((1 — q)(l — 
g 2 ) 2 (l-9 3 ) 3 •■■)-*• 

Proof. First, (2) follows from (1). The subspace o which is a complement of n_ in 
n_ has k ■ I elements of grading —I, and therefore, (2) follows from the Poincare- 
Birkhoff-Witt theorem. To obtain (1), we note that in the associative algebra 

U{sh)/\ ^ — ~ ) ! an d, consequently, in gl(X), the relation / • P(h) = P(h + 



2 

2) • / holds true for any P{h) G C [h]. 

1.3. Thus, we have constructed a (2k + l)-parameter family of representations 
of gl(X) with a fc-dimensional first level. We can immediately prove the following 
proposition. 

Proposition 2. Any quasifinite representation of gl(X) with a k- dimensional first 
level, generated by one highest weight vector, is a quotient representation of L aij ___ tCCk -( 
for certain cti, ... , a k and 9 : f) — > C. 

Proof. Let us consider the quasifinite representation N of gl(X) with a fc-dimensional 
first level, v being its highest weight vector. 
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We shall consider 

J = U g giW I = M0»> MO g c }. 

It is clear that J is a subalgebra in gl(X), J D f)©n+. Let p(ft) ■ / G J (~1 nl. 
Then [p(ft) • /, pi(ft)] = p(ft)(pi(ft + 2) -pi(h))f G JrinL, and therefore, Jnn 1 . = 
{p(h)fi P G /}, where / is an ideal in C [ft]. 

It is clear that J (~1 7^ since the first level of iV is finite-dimensional and 
(J fl nl)w = from considerations of grading. 

Therefore, TV is a quotient representation of the representation induced from the 
parabolic subalgebra p ait ... , Qt , where I = {(ft - c*i) . . . (ft - a fe )Pi, Pi G C [ft]}. 

i.^. Remarks. 

(1) s/(A) = 7Ti is a subalgebra in g/(A), and we do not distinguish between 

i>0 

the highest weights \ and \' such that xU(A)nfj = x'U(A)nf)- In this sence, 
the representation does not depend on x(l)> an d we define a representation 
with a fc-dimcnsional first level by 2 • k (not by 2k + 1) parameters. 

(2) We can immediately show that for the general choice of 2 • k parameters, 
the corresponding representation of gl(X) (for a fixed A) with the character 
((1 — <?)(1— <Z 2 ) 2 (1— <Z 3 ) 3 • ■ ■ )~ k is irreducible. We do not prove this statement 
here since it follows from the theorems given in Sec. 2. 

2. Embeddings into gl^ and Critical Highest Weights. 

2.0. In this section, wc define the embeddings 9 S : gl(X) '—t gl x s (see Sub- 
sec. 2.1) and investigate the problem of reducibility of the representations 9* (Ind^ tS ) 
((i,sgC). It follows from Proposition 2 that for the given s, fi G C, there exist a, 
X(ft) G C, and a representation 

and both representations have the same character equal to Yl t\ — —^r ■ Therefore, 

i>i (i - q 1 ) 

the irreducibility of L a>x is equivalent to the irreducibility of 9* s {Ind^ iS ), this way 
we obtaining all parameters a G C, except for two or one (according as A). 

2.1. The Lie algebra gl{\) can be constructed in a standard way with the use of 
the associative algebra U\~U (sZ 2 )/ — ~ ^ • This associative algebra can 
be described as follows: we fix the algebra A = C [ft], and being a vector space, 
(4) [/ A = C [ft]0 

0eC [ft]0e 2 C [ft]0... 

0/C [ft]0/ 2 C [ft]0.... 

The following relations hold true: 
he = e(ft + 2) 
ft/ = /(ft - 2) 

.,-™-i( k -£ + **±2) 
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Let 



<7i : p(h) i — ► p(h + 2) and 
a 2 : p(h) .— > p(h - 2) 

be two automorphisms of the algebra A — C [h], and then 

' p ■ e = e ■ o\ (p) 



(5) 



P'/ = /-cr 2 (p) 

e/ = Ti; /e = T 2 



where p,T 1 ,T 2 e C [h\. 

Let us now consider the associative algebra Mat^ of generalized Jacobian ma- 
trices. We set 

oc 

A = \\ C (i), where C (i) is a copy of the algebra C. Being a vector space, 



(6) 



Mat x = A0 



(7) 



( ef = fe = 1 e A 
H ■ e = e ■ D(H), where 
D : A — > A — a shift to the right by unity. 



(Here A are diagonal matrices, e is a diagonal of unities which is above the 
principal, and / is a diagonal of unities which is below the principal diagonal.) 

The main difference between Matao and U\ is that T\ = T 2 = 1 in (7), and then, 
as in (5), T t ^ 1. 

It follows that we can construct the mapping of the associative algebras <f s : 
U\ — > Matoo^, where, being a vector space, 



(8) 



where A = [T C (i) and 



(9) 



( H-e = e- D(H) 
H-f = f-D-\H) 
ef=(T 1 (s-2i)) ieZ eA 

Je=(T 2 {s-2i)) ieZ GA, 
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Matoo^ is an associative algebra by virtue of the relation o\T\ = T 2 . In order to 

oo 

construct this mapping, we must construct the mapping (p s : C [h] — > [ [ C (i) 

i— — oo 

such that the diagram 

oo 

C [h] n C (i) 

D 

c [ h ] -j^ n c (») 

i— — oo 

is commutative. 

It follows that if <p 3 (h) = s G C (0), then ^ s (/i)i = s - 2i G C (i). Thus 
(10) ^ a (p(/i)) i =p(«-2*)eC(*) ) 
where p G C [/i] . 

Lemma 2. <p s : U\ ^> Mat^^ is an embedding. 

We have defined the embedding of the corresponding Lie algebras ip s : gl(X) ^ 
gloo,s- We will define the associative algebra Mat^^ (i G Z) by relations (8) 
and (9), where, instead of the relations for ef and fe in (9), we set for j ^= i 
and (ef)i = 0; ef G A, (e/)j = 1 for fe G A, (/e)j = 1 for j ^ i + 1 and 
(fe)i+i = 0. Clearly, the algebra Mat^^ is associative, and we denote by gloo,(i) 
the corresponding Lie algebra. 

In what follows, we distinguish between two cases, namely, 



(11) 



(i) T\(s — 2i) = for a certain i G Z, 

(ii) T\(s -2i) ^ for all i G Z. 



Lemma 3. For £fte general X, 
Matoo.s — Motoo^i) m case (i), 
Matoo^ = Matoo in case (ii). 

Proof. The map \I> S : Mat^^ — * Mat^ is defined: 

— > iJ 

(12) / — > / 

e i — > (Ti(s - 2i), i g Z) • e, 

which is an isomorphism in case (ii). This proves (ii), and case (i) can be proved 
by analogy. 

The assumption concerning the genaral A is that T\ does not have two roots t\ 
and t 2 such that t\ — t 2 G 2Z. When these two roots exist, we have Matoo, s — 
Matoo uj\ f° r certain s G C, where the last associative algebra can be determined 
in an obvious way. 

Definition. The associative algebra U® can be constructed from relations (4) and 
(5) where A = C [h] is replaced by A = O, the algebra of holomorphic functions 
C — > C. The Lie algebra gl°{X) is the Lie algebra corresponding to the associative 
algebra U®. 
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Lemma 4. The embedding ip s : gl(X) gloo,s can be continued to the map ipf : 
gl°(\) — ► gloo,s which is surjective. 

Proof. The first statement is obvious and the second statement follows from the 
fact that for the discrete sequence (s — there exists a holomorphic function 

from C into C which assumes the given values at the points of this sequence. 

2.2. There is a 2-cocycle a of the Lie algebra gloo^ denned as 

f Pj-i(s - 2i) for i < 0, j > 1 
(13) «(^.^<)-| otherwise 

a(Eij,Eki) = for i ^ I and j ^ k. 



oo 

Here Pi(h) = e l f l , E^ — l^^ 1 for i < j, where lj £ f] C (i) is a sequence 

i— — oo 

with 1 is the ith position and in the other positions. Note that in case (ii) 
(see (11)) the cocycle a is the inverse image for ty s (see (12)) of a standard cocycle 
on glaa and in case (i) the cocycle a is coholomogous to zero. 

The gl^ ^-module Ind^ yS can be termined in a standard way as a quotient module 
of the Verma module M M with the zero highest weight and the central charge /ieC, 
by analogy with the module of Ind^ in the g/^-case (see Ch. 1). 

Lemma 5. 

(1) IfT\(s — 2i) — for a certain i £ Z (case (i)) ; then Ind^. s is reducible for 
all (i £ C, 

(2) IfTi(s — 2i) ^ for all i £ Z (case (ii)) and /i £ Z, then Ind^^ is reducible, 

(3) IfTi(s—2i) ^ /or o/Zi £ Z (case (ii)) and /x ^ Z, i/ien /nd MjS is irreducible. 

Proof. According to Lemma 3, statement (1) reduces to the corresponding state- 
ment concerning gloo,(i), and (2) and (3) reduce to the corresponding statements 
concerning gl^. Cases (2) and (3) follow directly from Theorem 1, Ch. 1; in gen- 
eral, all the statements follow from the results of Sec. 3 of this Chapter, where we 
calculate the determinant of Shapovalov's from of the representation 0*(/nd M)S ). 
However, we give here the direct proof of (1) for convenience. 

We set ei = li ■ e; /; = l; + i • /. These are the positive and the negative root 
vectors in gl^/iy For gl^^i) we have 

(14) [ei,/i]=0. 

We set x = [. . . [[/ , /i], f 2 ], ■ ■ ■ , fi] for i > and x = [. . . [[/,, f l+1 ], f i+2 ], ■■■ Jo] 
for i < 
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Fig. 1 

In Fig. 1 x is a hatched element. Let v be the highest weight vector in Ind^ iS . 
Then xv is a singular vector in Ind^^. Indeed, it is sufficient to verify that 

(15) e xv = in Ind^ iS 
and 

(16) eixv = in Jnd MiS , 

since if j ' ^ 0, i then [ej, x] = in gloouy In order to prove (15), we note that [eo, x] 
lies outside of the angle hatched in Fig. 2, and therefore, [eo, x]v = in Ind^y, (16) 
follows from the permutability of with all fj, j G Z in U(gl ao ^i)). 

2.3. We can show that H 2 (gl(X), C ) = 0, i.e., gl (A) does not have any nontrivial 
central extensions. Therefore, the embedding (p s : gl(X) c — > s with an induced 

cocycle on gl(X) defines the embedding 6 S : gl(X) s . From (13) it is easy to 

find 



(17) 



0„(h) = <p„(h) + T 1 (8)-c 

6 s (3h 2 - 2c A ) = cp s {3h 2 - 2c A ) + (2s - 2)Ti(s) • c, 



where c A = — — ^- — -, 7i(s) = ^ ^/i — ^- + c\^J , and c is the central in gl^g. On 

the other hand, 9(1) = 1 + e • c, and in a nondegenerate case, the embeddings 6 S 
are parametrized by the choice of e G C. There is the commutative diagram 

5' ( A ) ► ^OO,. 



giW 

where t is a natural embedding which preserves the grading and (pj is surjective. 
We shall denote the grading by a superscript. 

Lemma 6. Let V be a quasifinite gl(X) -module. Then the action of gl(X) k on V 
for k ^ can be naturally continued to the action of gl (A) on V. 

Corollary. Any gl(X) -invariant subspace W of the module Ind^. s is invariant with 
respect to gl^ s . 

Proof of the Corollary. Since tpP : gl (X) k — ► gl x s is surjective, it follows, in 
accordance with Lemma 6 that W is also gl^ ^-invariant for k ^ 0, whence follows 
the gl x s -invariance. 

Proof of the Lemma [2]. Let V be & graded quasifinite representation: V = V p , 

p>0 

dim V p < oo. We shall consider Horn (V, V) := Horn (V p ,V q ) with the 

p,<?>o 

topology of the direct sum of finite-dimensuonal spaces. We can assume that V p 
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are normed spaces, and then the norm ||,|| Pl9 is induced on Horn (V p ,V q ). We 
shall show that for k ^ 0, the mapping gl(\) k — > Horn (V, V) is continuous; for 
which purpose we shall show that ||e fe /i™|| is bounded in Horn (V p , V p+ t) for fixed 

k, p, and an arbitrary n. We note that e k h n — (adh 2 — 4fc 2 )"e fc , where 

e k G Horn (V p , V p+k ), and (adh 2 — k 2 ) G End (Horn (V p , V p+k ))- 

kun\\ / A ~.n „.i A _ lljfell „„j „ _ ll ac ^ — ^ 1 



We have \\e k h n \\ p , p+k < A ■ a", where A = \\e k \\ and a 



2k 

and therefore \\e k f(h)\\ p . p+k - II £ f n e k h n \\ PiP+k < £ |/„| • ||e fe /i"|| PiP+fe < 

n>0 n>0 

A - £ \f n \-a n =A-<p(f)(a). 

n>0 

The statement of the Lemma follows from the fact that ip : £ fiZ 1 i — ► £ z 4 
is continuous and that is a completion of C [z] in the topology of the uniform 
convergence on compact sets. 

2.4- We have proved that the gl(\)-module 6*(Ind^^ s ) is reducible for /ieZ or 
for T\(s — 2i) = for a certain i £ Z and irreducible otherwise. Its highest weight 
X is 

X(l) =£•// 

(LS) {#) = ri(s)-/i 

x(3^ 2 -2c A ) = (2 S -2)r 1 ( S )- M . 

Let us compare this with the expression for the representation induced from p a 
with the given x(l)- x(h) : 



(19) 



'x(i) = x(i) 

X(h) = X(h) 
^ X (3h 2 -2c x ) = 2(1 + a) • X (/i). 



We compare (12) with (13) and express (a,x(^)) parameters in terms of the 
(s, n) parameters. If Ti(s) ^ 0; then 

(20) s = a + 2 and fj, = x(h)/T 1 (a + 2). 

It is now clear thati/Ti(a + 2) = 0, then, for all x{h)> ^ e corresponding represen- 
tation of gl(X) does not have the (s, /i)-parametrization. 
We have proved the following theorem 

Theorem 1. For T\ (a + 2) ^ the representation of the Lie algebra gl(X) , induced 
from the parabolic subalgebra p a with the highest weight x, is reducible if 

(1) Tt(a + 2i)=0 for the integer i ^ 1 

or 

(2) for * W - e Z. 
V ; J Ti(a + 2) 

In oi/ier cases, this representation is irreducible. 
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Theorem 2. For all x(h) 7^ 0, the representation of the Lie algebra gl(X) induced 
from p a is reducible for T\{a + 2) = ifT\{a + 2i) = for a certain integer i ^ 1 
and irreducible otherwise. 

As we shall see in Sec. 3, the local identity (1) is equivalent to this theorem. The 
proof of the Theorem 2 will be given in Sec. 4. 

2.5. Remark. Using the technique developed, we can easily show that the gl(\)- 

k 

module L auXi does not coincide with the generalized Verma module with the 



same highest weight if on — ctj G 2-Z for certain i ^ j and coincides with it otherwise. 
This module is reducible if L auXi is reducible for a certain i or if on — aj 6 2 • Z for 
certain i ^ j and irreducible otherwise. 

3. The Local Identity. 

3.0. We fix a general (see Theorem 2 in Subsec. 2.4) A 6 C, and let a be 
such that Ti(a + 2) =0. It is clear that the determinant of Shapovalov's form 
depends analytically on a and x(h) (in the sense refined below this determinant 
is not uniquely defined). Therefore, Theorem 2 from Subsec. 2.4 is equivalent to 

the statement that for Ti(s) ~ t and fi ~ - as t — > (see (20)), the corresponding 

limit of the determinant of Shapovalov's form does not depend on t, i.e., tends to 
a certain finite nonzero number. 

3.1. Chevalley involution. Let uo be the Chevalley involution of the Lie algebra 
sl 2 ■ uj(e) = — /, oj{f) = — e, uo{h) = —h. There exist two continuations of uo to 
U(sl 2 ) as a Lie algebra, namely, 



For our purposes (i.e., for the existence of a map from the Verma module into a 
countergradient module) the condition uo\^ = —Id is necessary, which is satisfied 
for L02- It is also clear that u>2 defines the involution of the Lie algebra gl{\) which 
is known as the Chevalley involution, and is denoted by u>. 

3.2. Knowing the expression for the determinsant of Shapovalov's form of the 
g^-module of Ind^ as a function of [i e C, we want to find the expression for the 
determinant of Shapovalov's form of the (^(A)-module 8l(Ind^ tS ) as a function of 
fi,seC. 

We denote T s = ^ s ip s (see (10), (12)), T s : U x ^ Mat^ (s £ C ). Recall that 
T s is defined as follows: 



wi(l) = 1, wi| s(2 = U), 
uo\{a ■ b) = uo\(a) ■ LO\{b)] 

W 2 (l) = W 2| s ; 2 = OJ, 

LU 2 (a ■ b) = -LU 2 (b) ■ LU 2 (a) 




(21) 
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Assuming that s <E C, we define the holomorphic functions di, s on C by the 
condition 

r s hS ( s -2i) = i, 

\* i>a (a-2j) = 0for j^i. 

(Clearly, these functions are not uniquely defined.) 

For our purposes {f k Si tS } C n^~ fe ^ C gl°(X) is more convenient than the standard 
base {f k h 1 } since under the surjection Tf : gl (X) — > gZoo the elements of the first 
set pass into the standard base {-Ey, i > j} C n_ C gloo (and this is very convenient 
for calculating of Shapovalov's form). In this case, the multiplicities of the roots 
of the determinant of Shapovalov's form do not change when gl(X) is replaced by 
gl°{\). 

3.3. It is clear that the base on the fcth level of the induced representation of 
gl(X) with a one-dimensional first level is formed by the vectors 

(22) v>=(f 1 8 jl ,,)-...-(f'6 jp , a )-v, 
where v is the highest weight vector, i\ + . . . + i p = k, and 

(23) j q G [—i q + 1,0] for all q. 

We want to calculate Shapovalov's form in this base. It is clear that 

(24) $ gl o {x) (w u w 2 ) = $~ l jTfw 1 ,Tfw 2 ), 

where the (^(A)-module on the left-hand side is the inverse image of the gZ^-modulc 
for T s on the right-hand side. In explicit form, 

±(6^) (^,, s /i) • (rS n . s ) ..... (f>6 jp , a )v 
(for the representation of gl (A)) = 

(25) ±rf (fy^i) .....rf (s fi ^) -rf (n us ) ....-r? (f>5 ip , a )v 

(for the representation of gl(X)). 

We have 

rf(« J ,.e*)=rf(^.)-rf(c)....-r?(c) = 

(26) (T) • e • (T) • e (T) • e, 

where Ij € f\ C (i) is a sequence with 1 in the jth place and with in the other 
places and (T) = ( 7i(s - 2i), ieZ e J] C (i). On the other hand, 



(27) rf(f%, s ) = f. i j. 
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It is obvious from (26) that 

(28) rffaae') = ( nii( S - 2j - 21)) ■ I j ■ e\ 

and the determinant of Shapovalov's form of the gZ(A)-modulc #*(7nd^ s ) is 

det$ s *(A)(s,/u) = 

(_ p ip-l \ 

over all m— 1 1=0 / 
w from the kth 
level (22) 

Recall (see (23)) that j q e [-i q + 1,0]. 

3.4- Assume now that t — > 0, and let Ti(s) ~ t and fi ~ i (see Subsec. 3.0). 

Then det <I>~ ; (^) <~ ^ g , where deg fc is the degree of det $ ~ ; (p) for ^ on the 

fcth level. On the other hand, according to condition (23), the multiplicity of 
zero of the product in relation (29) for a general A is equal to p for every w — 
(/"^ llS ) • . . . • (P p 6 3p , s ) since T\(s - 2i) has only for i = 0. 

Thus, according to Lemma 12 from Subsec. 2.2 of Ch. 1, Theorem 2 from Sub- 
sec. 2.4 is equivalent to the local identity (1). 

4. Proof of the Local Identity: Embeddings of gl(X) into gl^iC [t]/t 2 ). 

4-0. In Sec. 3, we have derived the local identity (1) from Theorem 2. This 
section is devoted to the proof of the theorem itself. First, Theorem 2 follows from 
the following weaker result. 

Theorem 3. For a general X, T\(a + 2) = 0, and y(/i) ^ Q, the representation of 
the Lie algebra gl{\) induced from p a is irreducible. 

Indeed, the local identity follows from Theorem 3 by analogy with Sec. 3. How- 
ever, the conditions of Theorem 2 are precisely the conditions which are necessary 
for the arguments from Sec. 3, in order to have no additional zeros. 

In this section, we prove Theorem 3. As we have seen in Sec. 2, for Ti(a + 2) = 0, 
the representation of the Lie algebra gl(X) induced from p a does not have the (s, p)- 
parametrization. 

However, we can obtain its highest weight by considering the embeddings S : 
gl(X) gl^ S (C [i]/i 2 ) (see below) and the inverse images of the gl^^iC [t]/t 2 )- 
modules Ind lll ^ tyS for 9 S ; 0l(lnd^ 1 ^^ s ). (Here pi 7 [it are two central charges.) For 
certain s, p\, p, t , this representation has the same highest weight as that induced 
from the exceptional parabolic subalgebra p Q , and we prove that the irreducible 
quotient module for these fi\, fj, t , s of the module 0*(Ind l ^ 1 ^ uS ) has, for p, t ^ 0, a 
character not smaller than Q (1 — q l )~ l . On the other hand, this character is 

i= 1...00 

not greater than J| (1 — q % )~ % since there exists a representation induced from 

i= 1...CC 

p a with the corresponding highest weight. Hence Theorem 3 follows. 
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4.1. We shall consider the "finite" algebra gl 2n (C [t]/t 2 ) instead of gl x {C [t]/t 2 ) 
and then pass to the limit. We denote by gl 2n '■— ghnt, gl 2n t ne Abelian Lie algebra, 
being a gZ 2 n-module, gl 2n is isomorphic to the adjoint action on gl 2n . There are two 
subalgebras, gin" 1 and gln \ in ghn, and they commute with each other, and there 
are also two Abelian subalgebras 21+ and 2t_ (see Fig. 1 in Ch. 1). We assume a 

,(1)^(1)^(1) 



similar notation for gl 2n , ghn = n_ 



f)©n+, gl { n ] 



x\' + ' and so on. 



4.1.1. The associative algebra Mat^C [t]/t 2 ) is described as follows. 

We denote by A = J\(C [t]/t 2 )i the direct product of algebras. Being a vector 

space, 



Matoo(C [t]/t 2 ) =Ai 



>eA( 
>fA< 



e 2 A 



3 A< 



e 

J 2 A®fA< 



and the relations 



(30) 



' H ■ e = e ■ D(H) 
H-f = f-D~\H) 
e-/ = (... ,1,1,1,...) G A 
f-e = (... ,1,1,1,...) e A, 



are satisfied, where D : A — > A is a shift to the right by 1. 

We denote by a% G A a sequence with t in the ith place and 1 in the other places. 
Then, replacing the last two conditions in (30) by 



(31) 



e-f 
f-e 



a-i e A 
a i+ i e A, 



we get the associative algebra Mat 00i j(C [t]/t 2 ). We denote by gZoo.i(C MA 2 ) 
the corresponding Lie algebra. It is clear that there exists a "finite" analog of 

sfen,i(c MA 2 ). 



4-1.2. Let q.q, Q!q be the "central" coroots in g?2n(C [t]/t 2 ). We shall considers 
the 5?2n(C [t]/£ 2 )-module of Ind ni . nt , s induced from p ffip with the highest weight 

X such that x( a o ) = Mi; x( a o ) = A*t- Here p = © 21+ © gl^ and p = 

We denote by Indp ltlitlS a similar module over gl 2n ,i(C MA 2 ) 



gi 
Q 



(i) 



(2) 



21+ © gl 
C MA 2 )> respectively). 



Lemma 7. TTie q-character of the ireducible quotient module of the gl^ ( 
module Ind nitfluS is greater or equal to (1 — q l )~ l for jit ^ 0. 



MA 2 )- 



»>i 



Remark. We shall see in Subsec. 4.2.3 that for \i t ^ this character is equal to 

n a-*/*)-'- 



»>i 
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4-1.3. Proof. Let us consider the action gl^®gl ( x C gl^^C [t]/t 2 ) on the module 
Ind^ tfJtttS . Being a vector space, Jnc^ 1;/Jt;S = 5*(2l_) ® S'*(2l_). According to 
what was stated in Ch. 1 (Lemma 6 in Sec. 2), the glQ © gZlJ -module S*(2l_) 
is isomorphic to the direct sum of all irreducible modules L w ® L w generated by 
the highest weight vectors w = Det^ 1 • . . . • DetJ ' -v (here v is the highest weight 
vector in Ind Un _, lt S and Dct^ G 5*(2l_) is the determinant of the matrix Ak = 

= S*(2l_) ® 5*(2U) is isomorphic to 



,(2) 



,(2) 



= Therefore, Ind^ ullu 

the direct sum of the tensor products of irreducible glQ © gZ^-modules (L 
L w ) <S> (Lw <S> Lyj), each of which, in turn, can be decomposed into the direct sum 

of irreducible glQ © o^-modules. We denote by w • w ■ v the highest weight 

2 2 

vector of (L w ® L w ) ® (Lttj ® LW). The gZ» g/^-modules L w ® L w with the 

2 2 

highest weight vectors w ■ v (w = 1) are irreducible, and it follows from Ch. 1 
(relation (7)) that these vectors are not gl^Q^ [i]/i 2 )-singular in /nd Ml)Mt)g . On 
the other hand, it follows that the intersection of the greatest proper submodulc 
in Ind^^a with 5*(Sl_) ® 1 C S*(2l-) ® S*(2C) is zero. This proves Lemma 7 



since = 0L«, © L„, as a glQ © gZ^ J -modulc, sec Ch. 1, Sec. 1. 



,(2) 



4- 1-4- Remarks. 

1. The vectors w ■ v are obviously singular vectors of the gl^ (C [t]/t 2 )-modulc 
Indfj-L^t.s and therefore, the vectors w-w-v (w ^ 1) and the irreducible glQ ®gl&- 
modules generated by them belong to the maximal submodule in Ind^ lillttS . 

2. Clearly, the glooo(C [i]/i 2 )-module Ind fll _ flt _ s does not depend on [i\ in the 
obvious sense. 



4.2. Recall that gl(X) = Lie (U\), where U\ = U(sl 2 



A is the Casimir operator e-f + f-e- 



h-h 



A 



A(A + 2) 



and 



G U{sl2), A G C. Being a vector space, 



U x =C [/i]ffi 

© e • C [h] © e 2 • C © . . . 
© / • C [h] © f • C [h] © . . . 

({e, /, /i} is a standard basis in s^). The relations 



(32) 



' h ■ e = e ■ (h + 2) 
h-f = f-(h-2) 

m/^ !/ , ^ 2 A(A + 2) 



We define the Mat^(C [i]/i m ) algebra by relations (30) (setting A 
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Q (C [t}/t m )i) and replacing the last two conditions in (30) by 

iez 



e-f = \T 1 (s-2i + t), ieZ) eA 



f ■ e = T 2 (s -2i + t), ieZ) eA, 



(33) 



m G Z>i, seC. 

In order to construct the mapping U\ in Mat^ (C[i]/t m ), it suffices to determine 
the mapping <p s : C [h] — ► A such that the diagram 



C [h] 



(34) 



C [/i] 



D 



is commutative (a{p(h)) = p(h + 2)). Then ^ s is extended to U\, being the 
homomorphism of an associative algebras, with the use of the relations </? s (e) = 
e, Mf) = f- 

It immediately follows from (34) that tp s (p(h)) = (p(s — 2i + 1), i G Z) G A. 
Obviously, (p s :U x ^ Mat^(C [t]/t m ) is an embedding. 

4.2.2. Let m — 2. 

Lemma 8. For a general X we have (i) Mat^(C [t]/t 2 ) ~ Mat (X) (C [i]/i 2 ) ifTi(s- 
2i) ^ for all i e Z, 

(ii) Mat^ MaW, ifT^s -2i)=0 

Proof. This is obvious; see also Lemma 3. 

We denote by gl^{C [t]/t m ) the Lie algebra constructed with the use of the 
associative algebra 
Mat^(C [t]/n. 

The cocycle a on the Lie algebra gl^iC [t]/t 2 ) with the values in C [t]/t 2 is 
constructed in the standard way, 

f Pj_i(s - 2i) for i < 0, j > 1 
(35) V J J ^ 1 0, otherwise 

a(i?ij , Eki) = for i ^ Z and j ^ fc 

and is continued by C [t]/i 2 -linearity (here Pi(h) = e l ■ f, Eij = lj • e' J ~ % for i < j.) 
In case (i) of Lemma 8, this cocycle is the inverse image of the standard cocycle on 
(/Zoo(C [t]/t 2 ) and, in case (ii) of Lemma 8, the corresponding central extension is 
the direct sum of the trivial and the one-dimensional extension. 

4-2.3. We set hk = [e, fh ] in gl(X) and then, in the base {hk}, the highest 
weight of the representation induced from the parabolic subalgebra p a is equal to 

X(hi) = X(h) 

X{h 2 ) = a\{h) 

X (h 3 ) - a 2 X (h) 



(36) 
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Next, the highest weight of the representation 9*(Ind^ 1 ^ uS ) (6 S : gl{\) gl^iC [t]/t 2 )) 
is equal, by relation (35), to 



(37) 



X (h 1 )=T 1 (s)-fi 1 +T[(s) IM 

X(M - Ti(a) • (a - 2) Ml + (T{(s) ■ (s - 2) + Ti (*))/* 

X(h 3 ) = Ti(«) • (a - 2) 2 M i + (T[(s) • (a - 2) 2 + 2(s - 2) • T^s))^ 

X (h 4 ) = T x {s) ■ (s - 2)V + (T[(s) • (a - 2) 3 + 3(s - 2) 2 • Ti («))/*( 



Under the embedding (? s : (A) 
OKInd/j.) is equal to 



gl^(C ) the highest weight of the module 



(38) 



( X (hi)=T 1 (s)-v 
x(h 2 ) = (s-2)-T 1 ( S )-fi 



Comparing (36) with (38), we see that if T\(a + 2) = the corresponding highest 
weight exists in (36) and does not exist in (38) for all x(h) (since s = a + 2). 

We set Ti(s) = in (37); then we can easily pass from (37) to (36) by setting 
a = s — 2, Ti(a + 2) = 0, /ii being arbitrary, x(h) — T{(s) ■ ji t . The main fact here 
is that {for the general A) T\(h) has no multiple roots, i.e., T\(s) = => T[{s) ^ 0. 

4-2.4- Thus,Xi(s) = 0, and we are in the situation of (ii) of Lemma 8, gl^iC [t]/t 2 ) 
S^oo, o(C [t]/t 2 ). Lemma 7 states that the character of the irreducible quotient 
module of the gl^^iC [t]/t 2 )-module Ind l _ lli ^ tiS for \i t ^ is greater or equal to 
\\ (1 — q l )~ l and we need the following lemma. 

i>\ 



Lemma 9 [2]. Any gl(X) -invariant subspace of the module Ind^ 



is invariant 



with respect to gl^(C [t]/t 2 ) (for all s G C). 
Proof. See the corollary of Lemma 6. 

Lemma 7, Lemma 8, and Lemma 9 imply Theorem 3 (see Subsec. 4.0). 
4-2.5. Remarks. 

1. It follows from relation (37) that all representations of gl (A) induced from the 
parabolic subalgebras p a , a , «£C (generated by n + , f), and {f(h — a) 2 p(h), p(h) € 
C [h]}) have the form 0*(Jnc^ li([ttiS ). 

Indeed, we have the recurrent condition 



X(hk) = 2ax{hk-i) - a 2 x{h k -2); 
imposed on the highest weight \ of the representation induced from p a .a, a k , and 



ka are the corresponding basic solutions. 

2. Let Ti(s) = and T^h) = a(h - s) + b(h - s) 2 (a ^ 0). 
We set 

11 11 



//! = -■ 



a (h-s) 21 



b (h-s) 
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Then, as h — ► s, relations (37) give the limiting values, and we find that for T\(a + 
2) = 0, the representations induced from p QjQ do not have notation (37). We could 
have obtained them, by analogy with Subsec. 4.2.3, as the inverse images under the 
inclusion of gl(X) into gl^iC [t]/t 3 ). 

Next, for obtaining identity (1) we used in Sec. 3 not the whole expression for 
the determinant of Shapovalov's form on the levels of the g^-module of Ind^ 
but only its degrees with respect to \x on the levels. However, the "highest" local 
identities obtained in this way are simply equal to the degrees of identity (1) (see 
also Appendix B). 

Chapter 3. 
The Lie Algebra of 
Functions on a Hyperboloid: 
the Global Identity 

1. The Flat Deformation in gl{X) and the Principal Vector Bundle on 
S 2 . 

1.1. If we assume that the Lie algebra gl(X) corresponds to the point A e C = 
S 2 \ {oo}, then the Lie algebra of functions on a hyperboloid corresponds to the 
point {oo} £ S 2 . To be more precise, we shall consider the standard symplectic 
foliation over sl 2 (C)* ■ We call the general symplectic leaf of this foliation, which 
is a nondegenerate quadratic surface in C 3 , a hyperboloid. The induced Poisson 
bracket defines the structure of the Lie algebra on regular functions on a symplectic 
leaf. These Lie algebras are isomorphic for all nondegenerate symplectic leaves. 

There exists a flat deformation of the Lie algebras of functions on a hyperboloid 
into the Lie algebra gl(\t) in the neighborhood of t = 0, where At • (A t + 2) = 

^~ — - and A G C\{0} is fixed. We fix t ^ 0. We shall consider the Lie algebra 
t z 

sl 2 (C) as an algebra with the generators e, ft, /, and relations [e, /] = th, [ft, e] = 
2te, [ft,/] = —2tf. We denote by U\(t) the quotient algebra of the corresponding 
universal enveloping algebra with respect to the ideal generated by the central 
element 

2ef-th+¥--^±$-, fort^O, 



2 

U x (t) = U Xt =U(sl 2 ) / [A 



A(A + 2) 
t 2 

where A is the standard Casimir operator in U(sl-2). The corresponding Lie algebra 
with the bracket [a, 6] = a-b — b-a is isomorphic to the Lie algebra gl(Xt). We denote 

by Lie 'U\{t) the corresponding Lie algebra with the bracket [a, b] = - The 

Lie algebra s = Yiu\Lie'U\{t) is isomorphic to the Lie algebra of regular functions 

on the symplectic leaf ^2ef + ^- = ^ | of the foliation on sl 2 with an 

induced Poisson bracket. (If we simplify this construction without factorizing with 
respect to the central element, then we get a Poisson bracket on regular functions 
on sl%, i.e., on C [e, /, ft].) 

1.2. We denote U = S 2 \ {oo} and V — S 2 \ {0} and assume that the parameter 
t runs over all points from S 2 . Thus we described in Subsec. 1.1 what we have in 
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U. We denote by eu, fu, hu the elements e, /, h from Subsec. 1.1 respectively. 
Suppose now that the Lie algebra gl(Xt) corresponds to the point t G V = S 2 \ {0} 
(gl(0) corresponds to the point {oo}). We denote the elements e, /, h appearing 
in the definition of gl(X t ) by ey, /y, hy respectively. We want to calculate the 
corresponding transition functions. First, we note that the Lie subalgebra sli is 
globally defined, i.e. the transition functions are identical. In general, the isomor- 
phism a : U\(t) — > U\ is defined as a : e k h l ^ t k+l ■ e k h l etc, and /3 : £ h-> - under 
the isomorphism [3 : Lie'U\(t) — ► LieU\(t) for any £. Therefore on U (1 V we have 



Wl'I 



C V V 



U_ _ j.k+1- 



Thus the family of our Lie algebras on S 2 is decomposed into the (infinite) direct 
sum of line bundles on S 2 . 

1.3. At every point t G 5* 2 wc choose a parabolic subalgebra of the corresponding 
Lie algebra which contains n + holomorphically dependent on t. We shall only 
consider parabolic subalgebras of the "maximal size", i.e. subalgebras such that 
the first level of the induced representation is one-dimensional. Recall that for a 
fixed t these subalgebras depend on one complex parameter a and the subalgebra 
p a is generated by n+, f), and 



n! = jp(*0 • (h - a) ■ f, p(h)&C [ft] J. 



Furthermore, for every t G S 2 we consider the representation induced from the 
corresponding parabolic subalgebra for a certain value of the highest weight Xt{h) 
for all t G S 2 . Then wc can regard the spaces of representations as the direct sum 
of line bundles on S 2 and 

(1) 

S ( S aC ' k ) ^ = ^-9) ' - aq2 ^ - a2q ^ & - a2q3 ^ - fl3 ' ?3 )( 1 - aV ) ' ' ' ' 

Here is the dimension of the fcth level of the induced representation and Ci^; . . . ; C Uk 
are Chern classes of the line bundles into whose direct sum the fcth level of the repre- 
sentation is decomposed. (Every monomial f p h q has a Chern class equal to p + q — 1 
in addition to its grading equal to p. In this sence, the last relation is the refinement 

of our relation for the character FT -, with due account of the Chern class.) 

The quadratic form, namely, Shapovalov's form, is invariantly defined in every 
fiber of a definite level. Clearly, its determinant is not uniquely defined. However, 
we choose a holomorphic frame of the bundle of the fcth level subject to the decom- 
position of this bundle into a direct sum. Suppose that U, V are our coordinate 
maps on S 2 and (,i.u; . . . ; £ nk ,u an d £i.v; • ■ ■ ; £n fc .v are the corresponding sections 

in these coordinates. Then = t Ci - k and 

det \\{tii,u,tj,u), i,j = 1, ■ ■ ■ ,n k \\ = 2 % 1 c ^ k 
det \\{£i,v,£j,v), i,j = 1, • • ■ , "■fell 
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da 

k>l 



Therefore, the determinant of Shapovalov's form is a (not uniquely defined) holo- 

morphic section of the line bundle over S 2 with the Chern class 2 ^ d t k (on the 

i=i 

fcth level). We denote this Chern class by Ck- Then 
(2) 

E r k _d 1 1 1 

k ' q ~~n. JT^qj ' (1 - aV)(l - a 4 ? 2 ) ' (1 1 a 4 g 3 )(l - aV)(l - a*q 3 ) ' ' 

This is a simple consequence of relation (1). 

1.4- We choose the subalgebras p at t and characters Xt(h) for all t E S 2 such 
that for t = (corresponding to the Lie algebra of functions on a hypcrboloid) 
p and x(h) are m the general position. In this case we can calculate the Chern 
class of the bundle of the determinant of Shapovalov's form in two ways, namely, 
as in Subsec. 1.3 and as the sum of zeros of the determinant of Shapovalov's form 
with multiplicities (the multiplicities of zeros are uniquely defined). In the next 
section, we shall calculate the Chern class with the second technique, using the 
results of Chs. 1 and 2 on the assumption of the irreducibility for t — 0. Equating 
the corresponding generating function to expression (2), we obtain an identity with 
power series which is equivalent to the irreducibility for the general parameters of 
the induced representations of the Lie algebra of functions on a hyperboloid. We 
shall prove a more exact result in Sec. 3 (see Theorem 1). 

2. The Main Calculation. 

2.1. 

Lemma 1. Let a, x S C be arbitrary. We set at = —, Xt(hv) = X in the 

coordinates on V = S 2 \ {0}. Then the corresponding limiting parameters on U = 
S 2 \ {oo} as t — > 0, are equal to a = a and Xo(hu) — X (^ the coordinates on U). 

Proof. The direct verification. 

Thus, for any parameters of the induced representation for t — 0, we have a 
holomorphic continuation to the whole sphere. 

Everywhere in what follows a and x are considered to be of the general position. 

We shall need relations that connect the (s, ^)-parametrization of the induced 
representations of gl(X) with the one-dimensional first level with the (a,x(h))- 
parametrization (see Subsec. 2.4 of Ch. 2). We have 



(3) 



Ti(s)fi = x{h) 

(2s-2)T 1 {s)^ = 2(l + a) X {h). 



The meaning of this is that in the (s, /z)-parametrization the reducibility condition 
can be naturally formulated: 

(i) fj, e z 

(4) (ii) Ti(a + 2i) = for 

a certain i e Z. 
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(recall that Ti(s) = ^ (s - y + r^_t^ . F or Ti(s) ^ it follows from (3) that 

s = a + 2, and fj, = x(h)/T 1 (a + 2). 

Let x(^) be arbitrary and T\{a + 2) = 0. In this case, the corresponding repre- 
sentation does not have the (s, /i)-parametrization. Thus, under the conditions of 
Lemma 1, we have on V = S 2 \ {0} 

(i) X (h)/T 1 J^ + 2] GZ; 



t 



(5) ™ ^ f<* 



(ii) T l t + 2i^j = for a certain 



i G 



2 V 2 2i 2 

2.^. Thus, all points f G S" 2 \ {0} at which the determinant of Shapovalov's 
form has a zero are given by formulas (5), (i) and (ii). In addition, it follows from 
Theorem 1, Sec. 3 (see below) that for t = the determinant of Shapovalov's form 
does not vanish (for the general a,\{h)). 

Our main purpose is to determine the multiplicities of zeros according as t G S 2 . 
For example, in case (5), (i) we must connect the multiplicity of the zero of the 
determinant of Shapovalov's form for gl^ for the integral central charge /i, as a 
function of fj,, found in Ch. 1 with the multiplicity of the zero as a function of 
t G S 2 . In fact, the results of Ch. 1 and 2 are sufficient for all cases ((5), (i) and 
(ii))- 

Recall (see (29) Ch. 2) that the determinant of Shapovalov's form of the gl(X)- 
modulc 6* (Ind^ jS ) as a function of s and n, is given by the relation 

/ p ip- 1 \ 

det$ g;(A) ( s , M ) = [ j H l[ Ti(« - 2j m - 21) x det*-, (/x). 



V over all m— 1 1—0 
w from 
the kth level 



Here we set 



w = (r5 h ,s)-..-(f i '5 jp ,s)-v, 
where i\ + . . . + i p = k and 

(7) J, €[-», + 1,0]. 

^.5. Here we find the multiplicities of zeros t G S 2 \ {0} in cases (5), (i) and (ii). 

fa 

2.3.1. In case (5), (i) on the assumption that a and A are general Ti to [ h 

2i^j 7^ is nonzero for any i £ Z, and therefore the product in (6) docs not 

vanish. Thus, if /iq G Z, then the multiplicity of the root to according as t G S 2 
in the determinant of Shapovalov's form of the fcth level for gl(Xt) is equal to the 
multiplicity of the root fi according as fi G C in the determinant of Shapovalov's 
form of the fcth level of gl x . 



42 



B. B. SHOIKHET 



2.3.2. Case (5), (ii) for i = 1 was considered in Ch. 2, namely, in this case the 
corresponding representation (a,x(h)) does not have the (s, /i)-parametrization, 

and t = t p ~ in the deleted neighborhoods. Therefore, here, in relation (6), 

t — to 



dct$ 



3>) 



(t - t ) degfc ' 



where deg fc is the degree of det <£>~ ; (/z) with respect to p on the feth level. On 
the other hand, according to condition (7), the multiplicity of zero in (6) for the 
general a, A is equal to p for every 



w 



(f h S juS )-...-(f i *S jp ,s) 



since Ti(s — 2i) is zero only for i = 0. 

Thus, in accordance with Lemma 12 from Subsec. 2.2 of Ch. 1, we see that the 
irrcducibility of the representation of the Lie algebra gl(X), induced from p a , for 
T\(a + 2) = and the general A, is equivalent to the following local identity from 
Ch. 2: 



(8) 




over all 
=Det ! 1 1 ■...■Det[ k 



where #D(w) is the number of squares in the Young diagram corresponding to w 
(see Introduction, Fig. 1) and x( w ) is the corresponding semiinfinite character (see 
Subsec. 0.11 or Ch. 1). 

2.3.3. Let us consider case (5), (ii) for i ^ 1. In this case, the corresponding 
representation (for the general a, A) belongs to the (s, ^t)-parametrization and the 
part of relation (6) dependent on p, does not have any zeros of poles. Furthermore, 
let \i — 1| = k + . Then the generating function 



E 

k>0 



the multiplicity of zero in the neighborhood of t = to 
of the determinant of Shapovalov's form on the } ■ q" 

kth level 



is equal, by virtue of relations (6), (7), to 



(9) 



d_ 

da 



+ 1 



n +i (1 _ qi)k+ 



(1 - aq i y~ k + 



a=l 



2.4- Here we shall obtain a global identity equivalent to the theorem on the 
irrcducibility, for the general parameters, of the induced representation of the Lie 
algebra of functions on a hyperboloid (with the one-dimensional first level). 

None of the values of t e S 2 \ {0} meets condition (5), (i) for p, = and a one 
pair of points on S 2 \ {0} meets it for every p e Z \ {0}. 
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According to Subsec. 2.3.1, the corresponding generating function for the sum 
of multiplicities of zeros of the determinant of Shapovaslov's form of the fcth level 
for all t 6 S 2 \ {0} that satisfy condition (5), (i) with fj, ^ is equal to 



(10) 



2 E 

aGZ\{0} 



the multiplicity of the root fi = a 
in the determinant 
of Shapovalov's form for gl x on the 
fcth level 



For every fc + ^ (see Subsec. 2.3.3) condition (5), (ii) is satisfied by four points 
on S 2 \ {0} and for k + = it is satisfied by two points. 

It follows from Theorem 1, Sec. 3 (see belolw) that for the general a, A the corre- 
sponding induced representation of the Lie algebra of functions on a hyperboloid is 
irreducible. Then the Chern class found in (2) is equal to the sum of multiplicities 
of zeros of the determinant of Shapovalov's form for t e S 2 \ {0}. We have 



d_ 

da 



1 



(1-9) (l-oV)(l-«Y) (1-aV)... "' 



o=l 



^ da 



(11) 



« E 

k>l a£Z\{0} 



n 1 

11 (1 - a?)* 



4 E^ 

^ da 

k+>i 



the multiplicity of the root \i = a in the determinant , 
of Shapovalov's form of gl x on the fcth level 1 



^E 

fe>i 



the degree with respect to fj, of the determinant 
of Shapovalov's form of gl x on the fcth 
level 



fe+ oc 

n (i cf y ■ n a _ q i 



i 



_ 11 (1 - Q l Y i= ll +1 (1 - <f) k+ (1 - aq*Y 



a=l 



In accordance with the local identity from Subsec. 2.3.1, the sum of the two last 
but one terms is equal to 0. However, in form (11) we easily arrive at the following 
form of the global identity. 
Global identity: 



d 

da 



1 



1 



1 



(1-9) (1 



aq 2 ){l — a 2 q 2 ) 

d_ 

da 



(1 - oV)(l - oV)(l - a 4 ? 3 ) 
+ 



o=l 



(12) 



2 E^ 

i>i da 

E 

over all 
Young diagrams 



r fe+ , 



n 1 

y(l-a^) 

OO 

n 



a=l 



1 



1 C 1 - 9*)* Jt A +1 (1 - 9') fe + ' (1 - aq*) 



i\i — k4 



the multiplicity of the root /i = 
in p w {n) = (w,w) 



7 E 



=Dot 



■Dct, 



According to relation (8) from Ch. 1, the multiplicity of the root /j, = in 
Pw{lA = (w,w) is equal to the length of the "central" diagonal in the corresponding 
Young diagram that starts from the upper left vertex (see Fig. 1, Introduction). 



q k + 
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Recall the definition of the semi infinite character x( w )- Let us consider the Lie 
algebra of finite matrices ((%•), i,j = I...00. Suppose that , , • • • are the 
corresponding simple coroots. Then x( w ) is the character of the irreducible repre- 
sentation of this Lie algebra with the highest weight \ '■ x( a i) = h, ■ ■ ■ >x( a k) = 

l k, Xi^k+i) = • • • = 0. Thus x(w) = (±_ q y . ^ _ g fc) for w = Dctfc as wel1 as 

for w = Detf, 

3. Proof of the Global Identity: Reduction to the Nilpotent Case. 

3.0. According to the results of Sec. 2, the global identity (12) is equivalent to the 
irreducibility of representations of the Lie algebra s of functions on the hyperboloid 

h 2 ' A(A + 2) 

{2ef + — = }, A(A + 2) ^ induced from the parabolic subalgebras p a 

with the highest weight \ for the general values of a and x(/i). We denote by 

So the Lie algebra of functions on the cone [2ef + — = 0) which is a degenerate 

symplectic leaf of the foliation in sZ 2 (C )*. It is clear that it suffices to prove a similar 
statement for So (of the Lie algebra of functions on all nondegenerate symplectic 
leaves are isomorphic). But the Lie algebra So is nilpotent with an accuracy to 
within the subalgebra sh contained in it, and we can apply Kirillov's theory to it 
(see Appeendix A). 

3.1. The following theorem is the main result of this section. 

Theorem 1. The representation of the Lie algebra s induced from the parabolic 
subalgebra p a with the highest weight \ £ f)* is reducible for 

(1) xW = o 

or 

(2) a 2 = A(A + 2) and ireducible otherwise. 
Remarks. 

1. The highest weight x of the representation induced from p a can be uniquely 
determined with an accuracy to within x(l)) horn x(h)- 

2. For a 2 = A(A + 2) the corresponding subalgebra p a C s is not maximal: it is 
contained in the subalgebra p' a = n+ ® f) © {f k (h - a)p(h), p(h) G C [ft], k > l}. 

The remaining part of Sec. 3 is devoted to the proof of the theorem. 

3.2. Theorem 1 is a simple corollary of the following weaker result. 

Theorem 2. For a general a, x{h) the representatiuon of the Lie algebras induced 
from p a with the highest weight \ G h* is irreducible. 

We saw in Sec. 2 that the irreducibility for the general a, \{h) is equivalent to 

the global identity which can be violated only if conditions (5), (i)-(ii) are satisfied 

ol 1 a cP" 
by a not maximal of points (see Subsec. 2.4), i.e., if 7i ;t ( h 2) = -( — + 

— ~) does not contain terms with i.e., a 2 = A(A + 2), or for x(ft) = 0. 

It is clear that the nonsatisfaction of this identity for certain a, x(ft) means that 
the determinant of Shapovalov's form of the corresponding representation vanishes. 
Therefore Theorem 1 follows from Theorem 2. 
Below we shall prove Theorem 2. 
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3.3. Since the determinant of Shapovalov's form is an analytic function of A G C, 
Theorem 2 is a corollary of the following theorem on the representations of the Lie 
algebra So- 

Theorem 3. The representations of the Lie algebra So, induced from p a , with the 
highest weight \ G i)* are irreducible for a, \{h) ^ 0. 

The proof of Theorem 3 is given in Subsecs. 3.4-3.5. 

h 2 

3.4- The functions on the cone {2ef + — = 0}, which have the point G C 3 
as a zero of order > k, form an ideal Ik C So- The Lie algebra I 2 is nilpotent, and 
h = {h,h}, h = {h,h} etc. 

For nilpotent finite-dimensional Lie algebra Kirillov's theorem [5] states that the 
representations induced from the maximal parabolic subalgebras are irreducible. To 
be more precise, let q be such a Lie algebra, \ G g*. Let b be a maximal subalgebra 
in q on which the bilinear form (x, y) — x({x, y}), x, y G g is zero. Then x defines 
the one-dimensional b-module C x and the induced representation U(g) ® C x is 

U(b) 

irreducible. We shall prove this theorem in Appendix A. 

Suppose now that x G f)* is the hifhest weight of the representation of the 
algebra So induced from p a . We continue it to the functional on So by setting 

X|n + = X|n_ = 0. 

Lemma 2. Let a, x(h) i= 0. Then the intersection I 2 C\p a is the maximal subalgebra 
in I 2 on which the form (x, y) — x\i 2 ({ x , v}): x > V € h is zero. 

Proof. It is obvious that I 2 D p a = (I 2 n n+) © (I 2 n t)) © {f k (h - a)p(h), k > 2, 
p(h) G C [ft-]} © {fh(h — a)p(h), p{h) G C [h]}. Let p a be the maximal subalgebra 
in I 2 which contains p a fl I 2 and on which the form (x, y) is zero. We must prove 
that p a = p a . 

(i) Let f k (h — a) l p(h) G p ai where I < k and p(h) is relatively prime to (h — a). 
Commuting this element with h 2 , ft 3 , ... G I 2 Cip a} we see that f k (h — a) l p(h)pi(h) G 
p a for any p\{h) G C [ft]. In particular, f k (h — a) k ~ l G p a - 

(ii) If fh G pa, then x({/ft; e l) = x({/(ft ~ a ), e }) is a l so zero. Hence contrary 
to the hypothesis of the lemma, either a or x(ft) is equal to zero. 

(iii) Assume that f k (h-a) k ~ l G p a (see (i)), {f k (h-a) k ~ 1 , eh} = -kf k ~ 1 h 2 (h- 
af- 1 +(k- l)/ fe (ft - a) k - 2 • ft • e + 2fc/ fc e(ft - a)^ 1 lies in p a since^eft G p a . The 
first and third terms lie in p a and, hence, f k ~ 1 h 3 (h — a) k ~ 2 lies in p a - According 
to (i), it follows that / fe_1 (ft — a) k ~ 2 G p a - Thus, lowering the degree step by step, 
we arrive at a contradiction with (ii). 

3.5. Proof of Theorem 2:. 

Lemma 3. Let a, x(ft) ^ 0. Then the representation U(I 2 ) (g) C x | 7 of the 

U(I 2 np a ) 

Lie algebra I 2 is irreducible. 

Proof. In order to use Kirillov's theorem (see Subsec. 3.4), it suffices to reduce the 
consideration to a finite-dimensional case. The quotient algebra I 2 /Ik is nilpotent 
and finite-dimensional and the corresponding induced representation of this Lie 
algebra is irreducible according to Kirillov's theorem. However, for k ^> the 
factorization does not affect the levels which are considerably smaller than k. In 
particular, there are no /2-singular vectors on them. 



46 



B. B. SHOIKHET 



Remark. Let bk be the correspondinhg maximal subalgebra in I2/ Ik- It is not true 
that bk = h H p a / Ik H p a ; in particular, I^-i/lk C bfc. However, it is true for the 
intersections with n_ , where I <C fc. 

The space of the representation of the Lie algebra So induced from p a can be 
written as 

Vi = {monomials of f % h\ j < i}, 

or as 

V2 = {monomials of f l h? , i > 2, j < i, and fh}. 

There exists an isomorphism Vi~V2 which commutes with the action of s - How- 
ever, the restriction of V2 to I2 coincides with the representation of So, induced 
from I2 H p a , which is irreducible according to Lemma 3 if a, x(/i) =/= 0. 

Appendix A. The following result due to A. A. Kirillov [5]: 

Theorem. Let g be a fihite dimensional nilpotent Lie algebra \ and let b be 

a maximal subalgebra in g such that the restriction of the bilinear form (x \ y) = 
x{[ x ,y\) on g to b is zero. Then the inducrd representation M x = U(g) ®u(b) C x 
is irreducible. 

To make the reasoning of Chapter 3 self-contained, we shall prove it in this 
Appendix. 

We begint with with obvious lemmas. 

Lemma 1. Denote bo = b and b = normbi-i- Then there exists an integer n such 
that b n = g and inclusions b = b C bi C . . . C b„ = g are strict. 

Lemma 2. If x 6 bi, y = bj (i, j > 1) then [x,y] € bj+j_i. 

Using filtration on g from Lemma 1, we can define a filtration 

C = U Q C Ux c U 2 C . . . 

on the universal enveloping algebra U(g). It follows easily from Lemma 2 that the 
ajoint algebra corresponding to this filtration is commutative. Hence, any b 6 b 
defines the mapping 

ad(6) : Uk/Uk-i -> U k -i/U k -2. 

Lemma 3. For any u 6 Uk/Uk-i, k > 2, there exists b G b such that ad(6)(w) 7^ 
in Uk-i/Uk-2- 

Proof of the Theorem:. 

Let v be the highest vector in M x . Supposr that for some x £ bi xv lies in a 
proper submodule of M x . Then there exists b E b for which x([ x > b]) 0- Indeed, 
if x([x, 6]) =0 for all b G b we can join x to b and, hence, b is not maximal. 

Then bv = av for some a G C, and [6, x]v = bxv — axv lies in a proper submodule 
and, hence, this submodule consides with M x , contrary to the fact that it is proper. 

Now, assume that there exists a proper submodule M in M x , and let u ■ v be 
some element of M, where u G Uk\Uk-i- According to Lemma 3, there exists 6Gb 
such that ad(b)(u) ^ as an element of Uk-i/Uk-2, and therefore ad(b)(u)v is a 
nonzero element of M with lower filtration. Iterating this process, we shall arrive 
to the case in the beginning of the proof. 
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Appendix B. In fact, using methods of Ch. 1 one can easily prove the following 
generalization of identity (16) of Ch. 1 and of the local identity (see 0.11) 

i>l over all 

Young diagrams 

T>H,... ,i k 

(the notation is as in 0.11). Therefore, in the reasoning of Sec. 4 of Chapter 2 
imbedding into <^oo(C[i]/i 2 ) can be replaced by more elementary considerations, 
using additional grading. This proves both the local identity and its generaliza- 
tion (1) for higher derivators. For the time being, the author docs not know any 
generalizations of the global identity (see 0.11) for higher derivators. 

References 

1. B. L. Feigin, The Lie algebra gl(X) and the cohomologies of the Lie algebra of differential 
operators, Uspekhi Mat. Nauk 43 (1988), no. 2, 157-158. 

2. V. Kac and A. Radul, Quasifinite highest weight modules over the Lie algebra of differential 
operators on the circle, Preprint. 

3. B. L. Feigin and D. B. Fuchs, Representations of the Virasoro algebra, Lie Groups and Related 
Topics (A. M. Vershik and D. B. Zhelobenko eds) (Advanced Studies in Cont. Math.), vol. 7, 
Gordon & Breach Science Publ, 1990. 

4. V. Kac, Infinite- dimensional Lie Algebras [Russian translation], Mir, Moscow, 1993. 

5. A. A. Kirillov, Unitary representations of nilpotent Lie groups, Uspekhi Mat. Nauk 17 (1962), 
no. 4, 57-110. 

6. A. Beilinson and J. Bernstein, Localisacion of ^-modules, C.R.Acad. Sci. Paris Ser. I Math. 
292 (1981), 15-18. 

7. A. Beilinson and J. Bernstein, A proof of Jantzen conjectures, Adv. in Sov. Math. 16 (1993). 

8. I. N. Bernstein, I. M. Gelfand, and S. I. Gelfand, The structure of representations generated 
by highest weight vectors, Funk. anal. 5 (1971), no. 1, 1-9. 

9. H. Weyl, Classical Groups, their Invariants and Representations [Russian translation], State 
Foreign Literature Publ. House, Moscow, 1947. 

10. J. E. Andrews, The Theory of Partitions [Russian translation], Nauka, Moscow, 1982. 

11. V. G. Kac and D. A. Kazhdan, Structure of representations with highest weight of infinite- 
dimensional Lie algebras, Adv. in Math. 34 (1979), 97-108. 

12. D. Barbasch, Filtrations on Verma modules, Ann. Sci. Ecolc Norm. Sup. 16 (1983), no. 4, 
489-494. 

13. J. C. Jantzen, Kontravariante Formen auf induzierten Darstellungen halfeinfacher Lie Alge- 
bren, Math. Ann. 226 (1977), 53-65. 

14. J. -P. Serrc, Algebres de Lie Semi-Simples Complexes, New York, 1966. 

15. N. N. Shapovalov, On one milinear form on the universal enveloping algebra of a complex 
semisimple Lie algebra, Funk. Anal, i ego Pril. 6 (1972), no. 4, 65-70. 

16. J. C. Jantzen, Moduln mit einem hohsten Gewicht, Lect. Notes in Math., vol. 750, Springcr- 
Verlag, 1980. 

17. V. G. Kac and A. K. Raina, Bombay Lectures on Highest Weight Representations, World Sci, 
Singapore, 1987. 



E-mail address: borya@mccme.ru boryaamaln.mccme.rssi.ru shoykhet0ihes.fr 



